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SHTOPSIS 


fl olio w ing t he ce le br at e d We ier st r ass ap pr ox imat i on 
theorem much of the classical work in ^Approximation Theory 
concentrated around best approximation by algebraic and 
trigonometric polynomials, rational functions and entire 
functions of exponential type/ Theorems of Jackson, Bernstein 
and Zygmund type (Hatanson (1964) and Timan (1966)) charac- 
terized structural properties of functions in terms of their 
degree of approximation. Such results were obtained both for 
continuous functions (in sup-norms) and for functions in 
Lebesgue spaces (in L^-norms, 1 £ p < °°)* Ibe results which 
determine structural characteristics of functions from their 
degree of approximation (inverse theorems) mostly made use of 
Bernstein type inequalities alongwith a telescoping argument^ 
while those which infer the degree of approximation from given 
structural characteristics of fimctions (direct theorems) 
depended on certain linear methods of approximation in their 
proofs. This, alongwith the studies on Bourier series 
(Zygmund (1968)), Summability theory and polynomial inter- 
polation, motivated a separate study of linear approximation 
methods* The fact that the best approximation operators (in 
sup- and 1 -norms, p 7 ^ 2 ) turn out to be non-linear and hence 
not so easy to construct seems to be another important reason 
for the study of linear operators in approximation theory. 



(ii) 


An important class of linear operators wliich has been 
studied quite extensively from the point of view of approximatic 
theory consists of convolutions, both on the real line and on 
the circle group. Some particular operators of this type 
e.g., the G-auss-Weierstrass integrals led to a study of more 
general operators of integral type i.e,, those defined through 
an expression of the form 

J 

the integral being in the Lebesgne sense. Also, operators 
such as the Bernstein polynomials (originally intended to 
furnish an extremely elegant proof of the Weierstrass theorem) | 
gave rise to several other classes of operators of summation 
type, Ihese operators of summation type are defined by 
expressions of the type 

where the index set I is a finite or infinite subset of the 
set of natural numbers. If, in the definition of integral ^ 

type operators, we allow integration in the lebesgue-Stieltjes | 
sense, the summation type operators may also be expressed in ! 
a similar form as the operators of integral type. 

Most of the classical linear operators viz., Gauss- 
Weier stress integrals, Bejer operators, Jackson operators, de 
la Vallee Poussin operators and Bernstein polynomials are lineal 


(iii) 


positive operators. Regarding the convergence of linear 
positive operators an astonishingly simple set of necessary 
and sufficient conditions was given by Bohman (1952) and 
Korovkin (1953 ). following them, rates of convergence and 
inverse and saturation theorems with respect to sup-norm, for 

particular sequences of linear positive operators have been 
.extensively studied. 

Several of the well-known integral type operators may 
also be used to approximate functions in L^-norms (1 < p < °°). 
However, for obvious reasons summation type operators as such 
are not 1 -approximation methods. Nevertheless, several 

Jr 

linear positive operators of summation type have been approp- 
riately modified to become 1^-approximation method, She 
underlying idea behind such a modification is to replace, in 
the expression for the operator, the function value at a nodal 
point by an average value (in the sense of integration) of the 
function in an appropriate neighborhood of the point, Ihe 
first such modification was made by Kantorovitch (1930) for 
the case of Bernstein polynomials. Ihus with the Bernstein 
polynomials B^(f,t) given by 

BjiCf.t) = = (“) t'' (1-t 

the modified polynomials P^(f,t) are defined by 

n (v + l)/(nfl) 

= 2 p (t) (lifl) / f(u) du. 

^ v=0 v/(i>Hl) 



Approximation by Bernste in-Kantorovitch polynomials 
in L -norms (1 £ p < °°) has been stadied by Lorentz (1932), 
Butzer (1952), Hoeffding (1971), Bojanic and Shisha (1975), 
Bitzian and May (1976), Grondmann (1976), Miiller (1976), 

Maier (1978), Riemenschneider (1978), May (1979) and Becker 

and Nessel (1979 and 1980). A more detailed description of 
these works v/ill be given in the first chapter of the thesis. 
These works establish that the optimal rate of convergence for 
the Bernste in-Kantorovitch polynomials in L -norms is 0(n ), 

which is also the optimal rate of convergence for the corres- 
ponding original operators with respect to the sup-norm. 

More generally, even though the linear positive 
operators are conceptually simpler, easier to construct and 
study, they lack in the rapidity of convergence for sufficiently 
smooth functions. In the same context a well-known tneorem of 
Korovkin (i960) states that the optimal rate of convergence for i 

any sequence of linear positive polynomial operators is at most 

—2 

0(n ). Thus, df we want to have a better order of approximatio 

for smootner functions we have to slacken the positivity 
condition. However, as no general constructional guidelines 
are available for producing fast analytic approximation methods | 
of a given type, it seems best to start with an appropriate 
sequence of linear positive operators and then to modify it 
so as to suit the desired requirements/ Three such methods 
which have been proposed in the literature are : 



(a) taking appropriate linear combinations of linear 
positive operators (Butzer (1953), Rat bore (1973) 
and May (1976))5 

(b) multiplying the kernel of an integral type linear 
positive operator by a suitable factor so as to 
produce appropriate finite oscillations (Stark 197G 
and 1972) and Hoff (1970 and 1974))? and 

(c) using appropriate linear combinations of iterates 
of linear positive operators (Micchelli (1973), 

Agrawal ( 1979 )^Bleimann, Jungeburth and Stark (1979)) 

It may be noted that the methods (a), (b) and (c) in 
the available literature have been studied only with respect to 
the sup-norms. In this thesis the problems that we study are 

with re spent to the 1 -norms and these are : 

P 

(1) Direct, inverse and saturation theorems for linear 
combinations of certain sequences of linear positive 
operators in l^-norms (1 £ p < and 

(2) The possibility of utilizing the classical Newton 
interpolation polynomials to modify certain sequences 
of linear positive operators to enhance the rate of 
approximation in L -norms (1 < p < '=°) and then to 

ir 

study the direct, inverse and saturation theorems for 
the modified sequences in L -norms. 

ir 



This proposed modification is done as follows. Let 
^Lj^} he a seq.Lience of linear positive operators. Then with 

A^-1/2 ^ + nV2^’ 

the modified operators L (f,t) of tte first type are recursively 

J.I ^ i-0. 

defined hy 

= L^(f,t) 

m/2 m-i ^ 

where m is a positive integer. 

These modifications are appropriate for functions which 
are defined over a hounded interval of the real line, I'or the 
case of an unbounded interval, however, one of the appropriate 
modifications is to recursively define 

1 + 1 U-t I ° 


where the order m of the modification L„ ^(f,t) is allowed to heat- 

Xl y ill 

most where m^ is a positive integer. These modifications 
are termed as those of the second type. 


(f r't) 


n,m-l 


ny^T 


m-l 


( 71 (t — U — p/'^ ^ ^ 


J =0 „ 

1+ 1 u-t 


n 

5 o +2 


m 


n 


• 1/2 


f (u),t ) , 


/■ 



(.■Via.; 


The seq.uences of operators whicii are studied in the 
thesis under 'both the categories (1) and (2) are those of the 
Bernste in-Kantorovitch polynomials ‘jt) and the operators 
S^(*,t) of exponential type introduced by May (1976). 

The thesis is divided into five chapters, I-V. Throughout 
it the usual linear combinations of order k of Bernstein— 
Kantorovitch p olynomials P^( • ,t) have been denoted by P^( • ,lc,t ), 
while taose of the exponential type operators S^(.,t) by 
Sn(*>t:,t). The interp olatory modifications P^ 

studied in this thesis are of the first type, and the considered 
interp olatory modifications Tn(*»^) are of flie 

second type, m denoting the order in either case. The direct, 
inverse and saturation theorems obtained in this thesis are 
local in nature. Thus these are in the set up of contracting 
intervals, 

A chapterwise summary of the thesis is as follows : 

Chapter I : is of introductory nature containing basic 
definitions, results and tools for later analysis. In Section 1 | 
we' discuss finite differences and Newton's interpolation formula i 

and generalize a certain variational lemma of Lorentz (1966). I 

! 

Section 2 contains some classical results on Ip-spaces including | 
the classical Hie sz-Thor in interpolation theorem. Section 3 is ; 
a discussion of Steklov means and integral mod ulii of smoothness I 
and contains the proofs of some of their interrelations and 
properties in the context of 1^-1 unctions. Section 4 contains ; 



(viii) 


some estimates of Sikkema and Rathore (1976) on a sequence of 
convolution operators generated "by powers of bell siiaped functions. 
Ihese are subsequently to be used in Chapter II for obtaining 
bounds of adjoint moments of Bernste in-Kantorovitch polynomials. 
Sections 5 and 6 contain formal definitions of Bernste in- 
Kantorovitch polynomials, regular exponential type operators, 
their linear combinations and their interpolatory modifications, 
in the respective cases, of the first and the second types. Ihe 
last two Sections contain some basic results and a brief review 
of the earlier work on these operators. 

Chapter II : is a study of the L -approximation (1 < p < 

ir 

by linear combinations of Bernste in-Kantorovitch polynomials. It 
is first shown in Section 1 that the duals of the Bernstein- 
Kantorovitch polynomials constitute an L -approximating sequence, 

ir 

Next some bounds for the moments of these dual operators are 

obtained. In Section 2 it is shown that for sufficiently smooth 

functions the linear combinations of Bernste in-Kantorovitch 

polynomials have a faster rate of convergence in -approximation 

than that of the Bernste in-Kantorovitch polynomials themselves. 

In this connection some general bounds for the error in L - I 

P 

approximation by linear combinations of Bernste in-Kantorovitch i 
polynomials are obtained. The first of these is in terms of 
the L — norms of derivatives of the function. Here- the proof 

ih I 

in the Case p > 1 is made to depend on the Hardy-Littlewood j 

majorant function. The second error bound is expressed, in terms : 



4JS. J 


of a higher order integral modulus of smoothness and the proof 
relies on some properties of Steklov means. Sections 3 and 4 
are devoted to inverse and saturation theorems. The Bernstein 
type inequalities required in the proof of the inverse theorem 
are obtained through a use of Riesz-Thorin interpolation theorem, 
whereas for similar results in Chapter IV and V we adopt a more 
direct method,. 

Chapter III; is a study of the interp olatory modifications 
P„^(-,t) of Bernste in-Kantorovitch polynomials. In Section 1 it 
is shown that { j^(,,t) } is an 1^ -approximating sequence 

(1 < p < “). In Section 2 it is shown that a bound for the error 
in Ip-approximation by P^ ol'bainable essentially in 

terms of the (m+l)th derivative of the function. The last two 
sections contain inverse and saturation theorems. In contrast 
with the saturation order 0(n'"^^'^^^) for P^(*,k,t), the saturation 
order for P ™(» 5 t) is . Moreover, for tne inter- 

Xi. ^ JLLL 

p olatory modifications P^ trivial class turns out to 

be much simpler and it consists of the set of functions which are ; 
locally polynomials of degree m. 

Chapter IV % studies 1 -approximation (1 < p < «>) by 

ir 

linear combinations of regular exponential type operator 

the corresponding sup-norm study of which was made by May (1976 ). J 
The first result of this chapter is that under the regularity 
assumptions { } also becomes an L -approximation (l<p < ® 

XT 

sequence. This is proved in Section 1. Pollbwing this in 



Section 2 L^-error estimates of two types viz., one involving 
the L -norms of derivatives of function and the other in terms 

ir 

of the (2k+2)th integral modulus of smoothness of the function 
are obtained, Ihe inverse theorem for S^(*,lc,t) is proved in 
Section 3. Ihe saturation theorem is proved in Section 4 and 
here a use of an asymptotic formula for the duals of regular 
exponential type operators (Agrawal (1979)) makes the proof of 
the saturation theorem rather simple. 

Chapter V ; this last chapter is a study of the second 
type interp olatory modifications S ™(*}t) of regular exponential 

Xi. ^ JXl 

type operators. In Section 1 it is shown that £ S ( • ,t ) 5 
constitutes an L^-approximating sequence, where 1 < p < '«>, In 
Section 2 the -error estimates (1 < p < o°) involving norms of 
derivatives and those in terms of the (mr)-l)th integral modulus 
of smoothness of a function are obtained, Tne last two sections 
are devoted to the proofs of inverse and saturation theorems for 
S„ „(*,t). Here it seems wort hmentioning that the proof of the 

Xl ^ lii 

saturation theorem for S„ „(.,t) reveals an interesting fact 

Xl j iii 

about the regular exponential type operators. 3y definition 

B 

a(n) = / W(n,t,u) dt, 

A 

where W(n,t,u) is the kernel of the operators. In the case of 

the Gauss-Y/eierstrass integrals and the Post-Yifidder operators, 

*1 

direct computations show that a(n) = (i - , where a is the 

2 

coefficient of t in p(t), which by definition is a polynomial- 



of degree two given througii 


If = n 

lhat this is no coincidence follows as a corollarj to the proof 
of the saroration theorem. Thus the relation a(n) = (1 - 
Is valid for regular exponential type operators m general. 





I 

SOME BASIC HE SHLil S pmiMIlURIES 

She main theme of this thesis is the study of L 
inverse and saturation theorems for two categories of 
restructured sequences of linear positive operators which 
are (i) the usual linear combinations and (ii) an inter- 
polatory modification introduced in this thesis. In the 
available literature direct, inverse and saturation 
theorems are known only for the basic sequences of linear 
positive operators C C ^^3 » * 

C 253 , C29n, C 323 , [1393, C433, C463, 

C 48-513 t Z 6^3 ^ C703) rather than their linear 

combinations etc. In this connection it will follow from the 
work of this thesis that the apparent difficulties with these 
theorems for linear combinations etc, could be avoided by a 
proper use of Steklov means. Ihis may be regarded as the 
main idea of the work. As various proofs in this thesis draw 
upon various branches of analysis, this chapter contains 
several basic results from Numerical Analysis, L -Spaces, Best 
Approximations and other areas which will be used extensively 
throughout the subsequent chapters* Some of these results 
are Newton’s forward difference interpolation formula, error 
in this formula, Euler-Maclaurin sum formula, Riesz-Ihor in 
interpolation theorem, properties of Hardy-lit tlewood major ant 



function, inverse theorem on best approximation by trigonometric 
polynomials etc, and some deductions from these results. Some 
of these results are stated in Sections 1 and 2, As Steklov 
means play a major role in the 1 -approximation of functions, 

ir 

bounds for the derivatives of Steklov means in terms of a 
corresponding order modulus of smoothness of the function are 
obtained in Section 3, In Section 4 we state a lenma from 
p.b^l regarding a class of bell-shaped functions, Ibis lemma 
is to be used in Chapter II to obtain an estimate of the 
adjoint moments of Bernstein-Kantorovitch polynomials, Ihe 
linear combinations of linear positive operators have been 
defined in Section 5, In Section 6 we define interp olatory 
modifications of linear positive operators. In Sections 7 and 
8 we state in brief the work done on approximation using 
Bernstein-Kantorovitch polynomials and exponential type operators 

throughout this thesis 3R, IK and U® denote the set 
of real numbers, positive integers and nonnegative integers 
respectively, 

1.1 KEjrTpK\S,KIKIT^^ 

let f be a real valued function over IR. the mth 
(m G U) forward difference of the function f at the point t, 
of step length 6, is defined as 

m 

f(t) = £ (“) (-l)^'*’^ f(-tH-j&). 

As a convention we write f(t) = f(t). 



Similarly, the mth haclaivard difference of the function f at 
the point t, of step length 6, is defined as 

m 

7 “ f(t) = 2 (“) f(t-.j6), 

^ 3=0 3 

and we put f(t) = f(t). 


Using Hev/ton's forward differences the polynomial Pm('^) of 
degree m, which interpolates f at the points t^, i = 0 , 1 ,, ..^, 
is given by [^13 , p, SsQ 

(1.1.1) Pjt) = 2 { ( n (t-t. )) a 3 f (t ) } , 

0=0 3 ! 6 ^ i =0 ^ ^ ° 


d -1 

where 6 = i = 0 , 1 ,,.., m-l and n (t-t^) for 0 = 0 is 

interpreted as 1 . 


If a function f is m+1 times differentiable, then by 
Lagra 3 :^e’s interpolation formula [ 1 31 , pp. 44-60]3the 

difference in function f and the polynomial p^ at the point t 
is given by 


( 1 . 1 . 2 ) 


f(t) 



-r yt r-wi \r 

(llH-l)l 


m 


( n 

i =0 


(t-t^)). 


where 5 0 (min {t.,t } , max {t .,t }). 
i . i 

Adding (1,1,1) to (1.1,2) one obtains 

^ . ^(bh-D 


m ^ 0-1 . ~(iiH-l)/p'v m 

(1.1.3) f(t)= 2 {- n (t-t.)) a 3 f(t )>+ 

3=0 oS 6^ i=0 i 0 o (mtl)! ^=0 

As a particular case of (1,1.3) one obtains for f(y) = -^{r eilf) ^ 


and t = 0 



(1.1.4) 




(-1)“ ( ^ t.),r = ittfl, 

i=0 


m 


s { A )a3 > = { 

3=0 jl 6^ i=0 ^ ° 


3 = v. u a.-^. Q 

We nov/ prove a result which generalizes Lemma 3 of 
[II 42 , p. 1073 . Ihis is proved hy using the fact that f(t) 

is a polynomia,! of degree m-1 if and only if f(t) = 0. 


Lemma, l.^lj.1. Let f(t) G 0[|| a,!^ • each m times 

continuously differentiable function g which has a contact 
support contained in (a,!), there holds 

(1.1.5) f(t) g^“\t) dt = 0, 

a 

then f(t) is a polynomial of degree m-1. 


Proof. In view of the above remark it is sufficient to 

— %t k 

show that for every sufficiently small 6 > 0, 


Affi-l _ constant, t e [” a,h-(m-l)d3 • 


Otherwise there exist 2m distinct and equidistant points t^ 
inside (a,b) such that 

- f f f(Vi>..+(-i)““^ > 0, 

say. life choose a small 6 > 0 such that for every i(=l, 2, , , ,2m) 
the intervals (t^-6,t£f6) are disjoint and aie contained in 
(a,h), Next we define a function h as follows : 

h(t^) = coefficient of f(t^) in (1#1,6) , 



h(t^ ± 6) = h(a) = li(b) = 0, 


aiid ii(t) is linear between all these points. 

I'hen we define a function g as the mth iterated indefinite 
integral of h, 

t t 

i.e., g(t) = f ,,, / h(t) dt,..dt, 
a a 

It follows from the above construction that g and its first m 

derivatives vanish at end points a and b. Moreover, 

supp g c: (a,b)« 
t-fd 

Since 6“^/ f(t) h(t) dt - 2f(tJ Kt-), as 6 -* 0, we 
t,-6 ^ ^ 

^ b 

have by (1.1.6) that f f(t) h(t) dt > 0, which contradicts 

a 

the hypothesis. Ibis completes the proof . 

Ihe next lemma [][ 69 , p.lCf/Q expresses mth forward 

difference of function in terms of mth derivative of the function, 

lemma 1.2. let 1 < p < °° and f e • If f has 

m derivatives, where g A.G, [Iajb|]] and f^“-^ g 

then 

■m 6 6 /„ \ m 

(1.1.7) f(t) = / ,»f f'-“'(lH- 2 yi)dy-.,dy ,te a,b-m63 • 
li2 lp-^AGES_i® m 

let 1 < p < then l^rajbn is defined as the class 

- P*- -• b 

of all conplex valued functions f for which / |f(x)|^ dx < 

a' ' 

where integration is tahen in the lebesgue sense. The norm 
a>hl] is def ined by \ |f| l^Cx)p dx)^/^, 


and the functions eq.ual a.e, are identified, She space 
consists of complex valued measurable functions which are 
essentially hounded and is normed by 


II [; a,h3 lf(x)l < M a.e, on [Ia,h3^. 

She spaces A.C, [3a.>^3 B*V, [^a,h3 are defined as the 
classes of absolutely continuous functions over a,b]|] and 
functions of bounded variation over [2a,b3 -respectively. She 
class of k times continuously differentiable functions on 3R 

Jr 

which have a compact support is denoted by 

For f e b r 0»a3 > 1 < P < the Hardy-Lit tlewood 

Jcr 

majorant of f is defined as 

1 J 

(1,2,1) I^(x) = sup / f(t)dt, (0 < C < a), 

^ X “ “ 

She following lemma gives a Lp-bound for the function 
in terms of f. 


Lemma^^l^E, 1. If 1 < p < «> and f 6 then the 

Hardy-lit tlewood majorant of f defined by (1,2,1) belongs to 


( 1 . 2 , 2 ) 




1 11 ^ 


■^p C 


She lemma follows from [[]7l * p. 323 E * 


She next lemma gives a bound for the intermediate 
derivatives in terms of the highest derivative and the function 
in I -norm (1 < p < °°). She proofs are given in » p,166 3 

, ' ■ ir' ■ ' 

and [3 28 » • 



aM 


Lemma 1,2,2, Let 1 < p < °°, f G L^ ,[:a,b3,f^^^eA.G.[:a,g 
^(k+1) g L^[^a,lD3 , liien 


(1.2.3) 


Lp&»g 


_ _+i 1^1 1 ^ 

,[a»3 


3 = l,2,.,,k, where c.'s are certain constants depending only 

o 

on 3 ,l 2 :,p,a and h. 

Slext, we state the Riesz-Thorin interpolation theorem 
[[^54: , p. 2311[]in a form which is convenient for our purposes. 


Lemma 1,2.3, Let T be a linear operator fr om L . a,h)J 
to itself for j = 1, «>, If for each f in 

t) 


If 


L.[:a,bn 


< 




^jC a,tll 


where M^, are finite constants, then I maps L^ [aj'Q (1< p < °°) 
into itself and moreover, for each f G 

ir 


(1.2.4) 11^11 < 


^pCa,b3 


, 1 1 ^ 
where — + — = 1. 

P 1 

Ihe following theorem of Alaoglu 27 , p, 424 3 will 

be used in the proofs of saturation theorems in which the space 
would, be specialized to B.V, [[ a,b3 or l_3a,b3(i < P ^ °°)« 

ir 

Lemma 1,2,4, Let X be a Banach space and i* be its 
conjugate space, Ihen the closed unit sphere in Z* is conpac.t 
in the X-topology of X*. 



Lastly, we state a theorem ^61 , p» lOS^which tells 

that the integration by parts in Lebesgue-Stieltjes integral 
is possible under some restrictive conditions. 

Lemma 1.2.5, If f(x) and g(x) are two functions of 
bounded variation over Ca,b3» we have 

(1.2.5) J f dg + / g df = f(b’^)g(b+)-f(a“')g(a‘"), 

£l S» 

provided that at each point of [3a,b3 either one at least of 
the functions f and g is continuous, or both are regular. 

(A function f is called regular if f(x) = ^ (f (x^ )+f (x“}) for 
every xeQa,b3)» 

2 ,3 INLEGRiL MODULUS CM SMOOTHHESS AM) SlEIUiOV MEAMS 

m \ I « t ' r. - .wtmMt. m . — T- m r. uri. t i k m m r* ^ % r*. x - ■ x - t - jm i r — 

In this section we obtain estimates for derivatives 

of Steklov means of mth order in terms of a corresponding order 

integral modulus of smoothness of the function, Per particular 

Values of m (= 2,3) these have been proved by Ditzian and 

May j PP* '''59 and 7463* Also, when the function is 

periodic and belongs to L a proof is given in Zygmund [27l» 

P 

p, 1173 » Achieser |”l , p. 17 3 3 and liman [][69,p . 1673 . Uext, 
from a given order estimate of the integral modulus of 
smoothness of order m we deduce smoothness properties of the 
function. We give two proofs of this* In the first proof 
we estimate a lower integral modulus of smoothness in terms 
of a higher order integral modulus of smoothness and then 
using a result on best approximation by trigonometric polynomials 



«e conplete the proof, Ihe secord proof en^loys a method of 
induction, 

For f G L ra,h3 wiBre 1 < p < °°» the integral 

Jr 

modulus of smoothness of order m is defined as 


&,■§])= sup 11*6 r 

0<6<^ L la,h^m6j 

h: 

Let 1 < p < oo, f e ^ (a,b). 

Then, for sufficiently small ’^ > 0, the Steklov mean f of 

mth order corresponding to f is defined as follows t 

(1.3.1) „(u) = n-®/^^..J-'’^®(f(u>i-(-l)”-l s” f(ii)) 

-n/2 -ti/2 ? 


S a . 
iwl ^ 


X da^...dUjj^, ue Ca2_,h^J. 

Lemma 1.3.1, Let l£ p < ^ C^jb) and 

f e • 2hen, for sufficiently small > 6, ^ has 

derivatives upto order m, the (m-l)th derivative is absolutely 
continuous over [I mth derivative exists a.e. 

and belongs to L^ a^jb^ ]] • Moreover, there hold ; 

(1.3.2) _ 1 ^ »^>P> C ^»b]|[^,r=l,2,, ,,m 

pl-^l»“l-J 

(1.3.3) llf-f J1 p ^ < IWl 




i'plls'i>'^i3 


< M^ol f 1 

— iiH' 2' *- i— 


I*pCa,b3 


and 



(1,3.5) 


I 

,ml ‘-r t~ , -1 


n ,mJ t~ , -i "^21^3 


< M_.^ n““ I |f| 


LpCa,b3/ 


where M^»s are certain constants independent of f and n , 

repeated application of theorem 18.17 of Cson 

it follows tnat f has derivatives up to order m over T 
(m-l) ’ ‘"1 1"^ 

n,m ® and the mth derivative exists a.e, ai^ 


m 


m. 


n/2 n/2 

Writing h^(a) = / / f (in-k 2 u. )du^ . . .dii , 1 < k < 

-n/2 -n/2 i=l ^ ^ “to’ - - 

by theorem 18,17 of Csol] we have 

,(1), >. ,-i pV2 V2 m-1 

^ ir,/z'"L/z ''fen 

A repeated differentiation of the above expression gives 

ir rkn 

n/g’tn/a 

and 

(1.3.7) v-y - - x^u - 

Prom (1.3,1) and the definition of f(a) 

• 

Prom this one obtains 

n 3s=l 

Using Jensen’s inequality repeatedly we obtain from (1,3,6) 


C 1.3.6) = k- .fen , k /u,)au,...v.^ 

(l < r £ m-l) 

h^“\u) = k- 4^ f(u - i^,") a.e. 


JLX 


(1.3.10) l4^^(u}p < ^(iJ^-r)(p-l) 


n/2 n/2 ^ _ 


m-r 

1 y. X ^ / X'JtLM ^ 

.n/2- *'3,1 

Next, using iUDini’s theorem m— r times to interchange integrals 
we obtain 

^1 b 

/ ih^-^\u)|^ du < k-^P 

®-l -ri/2 -n/2 


m-r 


< H n(“-^)P (»^(f,kn,p,[:a^,l,^3))P 
(1.3.11) < n(“-"^P (»r(f,n,p,Cai,bin))h 

Ihus, (1.3.2) follows from (1.3.9) and (1.3,11). Proceeding 
similarly we obtain estimates (1.3,3) to (1,3,5), 

-^beorem 1.3_,2, Let l<p < °°, f Gbp[Ia,b^ and there 


hold 


"^yPtCa-jb;] ) = O(T^'*'0^), (t - 0), 


where m,r e IN .and 0 < a < 1, 


Then f(x) coincides a.e. on [3c,d[Jcz (a,b) with a function 
P(x) possessing an absolutely continuous derivative I'^^“^^(x), 
the rth derivative f(^>(x) 6 LpCc,d3, and there holds 

) = 0(t“), (t - 0), 

Proof, i^irst method : We first prove a lemma which gives 
a bound for a lower order integral modulus of smoothness in terms 



of a Mgiier order integral modulus of smootlmess. 


lemma 1,3,3. Letl<p <~a23dfeL Ihen 

JP 

(1.3.12) t^(f,T,p,[;a,b3 ) < M, {||f|| 

^pCa,ba 

b-a 

“]j-^3_(f,U-,p,|^ a,b3 ) 

1 - <iu>, 

wbere the constant does not depend on f , 

Pfpof. Since the proof is similar to 3.3(11) of ]”69, 
p. 108 2 , we only sketch it. We have 


1^2h f(x)| ) 


\Ca,b-2kh;3 




\Ca,b-2Mi3 


< 2 (J) { I 1 f (x+tih)j I 

^=1 ^=0 '\Ca,b-Ekh3 


} 


^ ^ Vi (^»^»p»i:a,b:]). 

Putting here, success ively, h =2^6 (m = 0,1,,.., r-1) ani talcing 
0 < G < T, we obtain a system of ineq.ualities of the form 


^‘“g ^p 1- 3 


< k 8^1 “k+i(f,3“e,p,Ca,bJ). 

MultlplyMg both sides by ajj^ summing for m=. 0,1, . .. ,r. 

ana using the fact that u,p, ^a.b^ ) is nondeoreasing 

with u we get 
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llg-rkjk^ f(x)-A|^f(z)l| 

2 G 




- ^k+l 

which implies that 


(1.S.13) llij'ftx)!! ^ j, < 

S “LpCa.t-Z^ -k3 LpEa.b3 

^2 r^'' “k+iC^i’^>P»Ca.b3 ) 

Proceeding as in above, with f(x) replaced by ^(x) = f(atb--x)» 
one obtains 

< Ifl 1 

" I.pCa,b:] 


du^ 


(1.S.14) l|4g»(x)|l 


,2 k "k+l(f>“*P>Ca>*>3) , 

•f T J II V r r _ rr Cl U # 


Now, 


afb 

(1.3.16) (/ lA^^fCx)!*’ ta)VP < (/ 14|:f(x)l®dx)VP 

3# Q, 


We have 


+ (/ Ag f (x)l^ dx)^/^ =J.+J. 

a+b ® ^ ' 

art-b 


2 5 S8.y# 


2 = (/ f(x) ^ dx)VP=(J^ fCa+b-y) ^ dy)VP 

^ atb ^ atlJe 

r* 

ptb 


(/ I’g tCr)!^ 4y)Vp = (/ *(x-ke)|® dx)VP 

an-te ® a+ke ® 


:i. 3 .i 6 ) = (/ ' Jig j(y)|^ .ay)VP, 


a 



14 


Hence, from (1,3.13), (1.3.14), (1.3*15) and (1.3.16), it 
f ollows that 


( 1.3.17) l|Ag f(x)l| 




< 2 {fj i 


LpCa,bn 


iC T J A ^ r * " ' UU / ♦ 


We choose integer r = r(T) such that 

-J- < 2^ T k < . 

This gives, by (1.3 .17), that 


(1.3.18) |lA^f(x)|l 


< 1 ^ i 


® ■ •■■l Ca,b-tt3 - " ■' 


+ / 


b-a 
^ a> 


]5;^l(^,a,p,[^ a,b3 ) 

r in mm — O. U J # 


Since G < t is arbitrary the proof follows from (1.3.18). 


£oro3Hary, 1^.3^. 4, let k < m be a positive integer and let 

%(f»‘f»P»Ca,l3lI ) = O(t^), (t -* 0), 

Then there holds as 0 

O(T^), p > k, 

>P»Ca,t)2]) = {0(T|£nT|), p=k, 

0('rP ), p < k, 

How by using following lemma, on best approxiiaation by tri- 
gonometric pol3^oiiiials([2 69, Theorem 6.1.4, p* 3393 )> 
conjunction with Gorollary 1.3.4, we will complete a proof of 
the theorem* ' 
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Lenmia^ _1 ,3 , 5 . If the sequence of best approximations 

E*(f)j^ of the periodic function f G L ro,2it3(l 1 P 1 °°) 
P p - - 

for a certain positive integer r and a > 0 satisfies the 

relation 




n 


r+a‘ 


p n 

then a.e. on (- 00 , 00 ) the function f (x ) coincides with a function 
possessing an absolutely continuous derivative f^^”^'^(x) aM a 
rth derivative f^^\x} which belongs to L over a period and 
for any integer k, as t goes to zero, there holds 

0 (t“), a < k, 

= ■{ 0 |jin t| ), a = k, 

P 

0 (f^), a > k. 


Proof jof the theorem* We choose points a^>b^ such that 
a < a^ < b^ < b* let g e 0^ with supp g c: (a^,b^), Ihen it 
follows from Corollary 1,3*4 and the relation 

m. . . 

= 2 (p f(x)) gCx+Cm-j) ) 

j=0 3 t 

that 

“ia(fg,'^jP,lI a,b3 ) = (t - 0). 

Now, we extend the function fg periodically with period (b-a) 
over H. Let C denote the extended function. We define 
another function E with the help of G which is 2 % periodic 
and for which 0 , 27 t 1 ) = (t - 0), 

Ihe function P is defined as follows s 


P(x) = G(a + x)* 
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I hen by (5.11,1) of [369, p, 32631 
(1.3.19) 

P 


we have 

o' 

P,[IO,2uJ ) < . 


Now, choosing a par-fcicular g G 0™ such that g(x) = 1 for 
X e |3‘^>^I1> theorem follows from (1.3,19) and Lemma 1.3.5, 


Second^ feth^od , She proof mahes use of another theorem 
on best approximation by trigonometric polynomials ({JSfliieorem 
6.1.2, p, 3353 ) which we state below : 

Lemma 1.3.6, If the secjuence of best approximations 
B*(f)L of the periodic function f G L 3]0,2n:3 (1 < P £. “) 

satisfies, for a certain a > 0, the relation 


. , p 

then for any integer k, there holds for all sufficiently small 
values of t 

0(-«^®), a < k, 

wj^(f , - {0(T^[£n tJ), a = k, 

P , 

O(T^), a > k. 

Proof of the theorem. We choose a g G with supp 
g c: (a,b) and g(x) = 1 for x G C^jd^* Since 

(1,3.20) = 2 (“)(A^3 f(x})(A3 g(x+(iiw3} t)), 

3=0 3 

it follows from the hypothesis on f and g that 
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%(fg,'r,p,[Ia,b;] ) = 0(T^'^“) + 0( t), ( t - 0) 

= 0(tP), (T^ 0), 

for any p < 1, 

Proceediiig as in the earlier proof, it follows f rom Lemma 1*3.6 

that t^jP , [[ a,h3 ^ = 0 (tP}, Since g(x) = 1 for x e 

we obtain 

(1.3.21) \(f,'^,p,Cc,<i3 ) = O(T^), (T-0). 

Hext we choose points and another g 6 0® with supp 

g c: (a^,b^) and g(x) = 1 for x G Since (1.3.21) holds 

for every sabinterval Cc,<i3 c= (a,b), we have by (1.3.20) and 
(1.3.21) that lo^Cfg.T.p.Ca^.tj^;]) = 0 (t1+P), (t _ 0). 

Proceeding as in the proof of the first net hod we obtain that 
f e A.O. f * 0 “(f ’» "^jPjQfd ) 

Continuing in this manner we get the result. 

Hext we state a lemma ( [^ 12,p .6963 » P» 1003 ) which 

will prove useful in the proofs of inverse theorems. 

Lemma 1.3^. 7 • Let n be a monotonically increasing function 
on | 30 ,a 3 • S^urther, let for some 0 < a < r and ail 
T,nG (0,a) there hold 

a ( t) < M {ti“ + (1)^ n(T) }. 
ihen n( T) = o(t“), ( T - 0). 
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1,4 OpWOLmOKS WITH PO«^S OP PIMCTIONS 

We state a lemma from [^64, lemma 3, p. 63 on 
asyiptotic estimates for absolute moments of convolution 
operators generated by powers of bell-shaped functions p which 
will be used to obtain bounds for the a<iioint moments of 
Bernste in-Kantorovitch polynomials. The bell—shaped functions 
are defined as follows. 

A function p G 1 i^(IE 0 is said to be bel!!^shgDed if 

(i) p(t} > 0 for all tGiR, 

(ii) p(t) is continuous at t = 0 and p(0) = 1, 
and 

(iii) si^) p(t) < 1 for each 6 > 0, 

hi > 6 

With p(t) a bel3--shaped function the convolution 
operator U^(f,x) is defined as 

~ aTn) P (t— x) dt 

V ' mmOO 

for those functions for which the integral is defined and 

oo 

a(n) = / p“Ct) dt, 

•«oo 

lemma JL, 4,1, let a > D, p be a bell— shaped function 
and for some m > 1, |tj“ p^(t) G l^(IR). Then, if p'^O) 

exists and is non-zero, 

Pt+l oo pc+1 

(1.4.1) Inn n^ / Itl® p“(t)dt = , 

n -* oo -oo ^ ^ “(0) 

where r ( t ) i s t he Gamma f un c ti on , 
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1.5 LIHBAR COMBIITAIIOHS OF LIEEAR P0SI2IVE OPiEAlOES 

— ^ I m.- » •fc.jBwn; T ^ ifc., w A w . k ; - a ~ - ha AI * a x 

(riven a sequence { L^( . ,t) } of linear positive operators, 
following Ratiiore Q 55^] , we define the linear ccsEhinations 
L^(*,lc,t) as follows ; 

Let •• • »d^ be any k+1 distinct positive numbers 

such that are meaningful. Phen 

O 'f 

(1.5.1) L^(.,k,t) = i- ^ . . ... . ! 

where is the determinant obtained after replacing the 
entries of the first column by 1, 

This combination can also be written as (see May 


k 


(1.5.2) L^(- 

,k,t) 

= 2 c(3,k)L^ (.,t), 

3=0 3 


k 

d . 

where c(j,k) = 

n 

k 7 ^ 0, and c(0,0) = 1 


i^O 

17^3 

d.-d^ 


Since the linear combinations of several sequences of 
linear positive operators give an improved order of ^proximation 
for sufficiently smooth functions, their convergence in G-norm 
has been studied quite extensively. To mention a few we refer 
the works of Butzer C 17]] > Rathore [] 55^ , May C45a, 

Agrawal []2]] and Ditzian []]23]], 



C^\J 


In this thesis we study L -approximation hy linear 

P 

combinations of Sernstein-Kantorovitch polynomials P^( •jt ) and 
regular exponential tjpe operators Sjj(*,t}. The operators 
and S^(*,t) are defined as folJjov^, 

Be rnste in-Kantorovitch polynomials are a modification 
of Bernstein polynomials suggested by Kantorovitch Cso for 
functions belonging to 

n (v+i)/(z]+i} 

P (f,t) = (nfl){ 2 Pnv(t)/ . f(u)du}. 

Writing K(n,t,a) = (n+l}'{^2^ Xj^^(u)}, 

where is the characteristic function of the intervals 

= 0,l,...,n-l, and of Cnfl' v = n, 

we can write 

1 

(1.5.3) Pji(f,t) = / K(n,t,u) f(u) du. 

0 

The operators Sj^(f,t) (C40 ) defined by 

B 

(1.5.4) S^(f,t) = / W(n,t,u) f(u) du, 

A 

where W(n,t,u) > 0 is a distributional hernel (-“ < A < B < “), 
are said to be of exp onential type if 
B 

(1.5.5) / W(n,t,u) du = 1, t e (A,B), 

A 

and 

(1.5.6) Irg W(n, t,u) = p^*) (“•-■fe) W(n,t,u), u,t e (A,B), 

where p(t) is a polynomial of degree < 2, p(t) > 0 for t e (A,B). 



It is farther assumed that the range of is contained 
in c“(A,B) and there holds for k e HU 

B ■ k 

(1.5.7) — ^ S (f,t) = / ( W(n,t,u)) f(a) du, 

dt A dt 

Ite operators S^(»,t) of exponential type are called 
regular if W(n,t,a) are measurahle over (A,B) ^ (A,B) ani the 
following conditions are satisfied, 

B 

(1.5.8) f W(n,t,u)dt = a(n), ue (A,B), 

A 

where a(n) is a rational function of n satisfying 


(1.5.9) lim a(n) = 1, 

n - CO 

and for each fixed u G CA,B) and m GlN*^, 

(1.5.10) t°^ p(t) W(n, t,u) - Oast-Aort-B, for all 


sufficiently large values of n. 


1.6 lUfSEPOIiAfORI MOBIPIOAIIONS OF LIHBikR POSIII7E OPERATORS 

^ • ■ - * Ml ^ « M«_». V I wr n Ml.. -w - \ # ._.k. t .a I rw » »- k r » m 


In Chapters III and V, respectively, v?e shall study 
Bp -approximation (1 < p < °°) of functions by interp olatory 
modifications of Bernste in-Kantorovitch polynomials •»‘fe) 

and regular exponential type operators S^(*>t), operators 
B;Q(*jt) and S^(*,t) are modified by making u^ of classical 
Hewton interpolation polynomials. This is accouplished by 
replacing function value f(u) at point ’u* by Newton inter- 
polation polynomial of mth degree based at nodes a,u+ • i 
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For f Q LpC! »where 1 £ p < °°»interpolatory 

modification of carder m of . Bernstein^Kantorovitch 

polynomials Pj^(f,t) is defined as follows : 




1 121 d/^ 3—1 4 

= / E(n,t,u) { 2 n (t-u -f'/p)) A^ f(u) }du, 

o i=0 3* i-o n-^/^ 


3-1 


where n (t-u- ^-/^) for j = 0 is interpreted as 1 and f(u) is 
i =0 

zero wlaen u > 1 , Here and in the sequel a denotes ^ i /o •. 

xT^' ^ 

And for f e lp|3A,B3» P < “» interpolatory modification 
Sn^^(f,t), of order m, of regular exponential type operators 
S^(f,t} is defined as : 




B 


** -m _L. 


A 


1+ 1 u-t 




m 3/2 3— 1 

{£ n (t- U- * 

3^0 i?=o 


v;here m < m^. 

— o 

1.7 A^RESUME pB.^BEBHSTEiHrW;fOip¥ITCH PpMpm.iLS 

L -approximation by Bepnstein^antorovitch polynomials 

ir 

has been recently studied by Hoeffding C381. Botanic and 

Shis ha 11163, Gruidmann 11893. Muller £48^, Ditzian and 
May C 863 , Maier [3]43,443 , Riemenschneider 60^ , May 46 ^ 
and BechBr and Messel 
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Ditzian and May [1253 have proved local direct, inverse 
a33a saturation theorems in L -norm over contracting sub- 
intervals. The inverse theorem is as follows : 

’’Let 0<a<2, l_<p<°° and f e L lo.in- Then for 

Jr 

a < < b,l lP^(£,t)-E(t)l [ = 0(n-“/®), (n - ») 

implies that “ 3 ^^’ ^ 0(t“), (x -* 0)«, 

When a = 2, the following is the saturation theorem : 

in^lies that f coincides a.e , on [[|a,b][] with a function I* 
such that F* e A.C, C a,b3 and G T*j,C^>^I3 P > 1 

and F* Q B.V.J^ajb^ for p = 1 (We would remark here that this 
result is striking in view of the conclusion being valid with 
respect to the whole interval [2a,b3« However, in this context 
the proof given in []253 is rather sketchy and tie details have 
not been gi-ven). 

And 1 1 r- -T = (n 

I-pLajh:! 

implies that f coincides a.e. on [[a,b3 with a function F 
satisfying for some constant c 

t(l-t)F’(t) = c for t e Ca,b3” . 

Gr undmann [[293 MS-ler have obtained 

bounds for the error in L -approximation, respectively for 

Jr 

the cases p = 1 and p > 1, in terms of first order integral 
modulus of smoothness of the function. For f G L [”0,l3 they 
have shown that 
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Mp = 4 if p = 1. Bojanic ajad Shisha have obtained the 

above estimate in weighted norm. For differentiable functions 
bounds for error in approximation have been given by Hbeffding 
32 3 and Muller respectively, for the cases p = 1 and 

p > 1 as follows : 


ll5n(^)-£|l 


lpEo.13 " 


J(£), 


-L 

v/here J(f) = f (x(l-x))^/^|df(x) | when p = 1 and 


J(f) = llf'll if p > 1. 

Maier ^43^3 has proved the following global saturation 
theorem in fhis has been extended to L 0,1^, 

where 1 < p < “ by Riemenschneider 11603 • 

Let s = {f|f(x) = k + / ^ ® (0,1), kem 

ana h e B.Y. Co, 13 satisfying h(0)=h(l)=Q >, 
Then I lP^(f,t) - f(t)l I = 0(n“^) iff f e S, 

and lip (f,t) - f (t)| I = o(n“^) iff f is constant a. e. 

Becker and Uessel C^II have characterized the saturation 
class S of Bernste in-Kantorovitch polynomials. They have proved 
that f e S is equivalent to 
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or, 


wher 


1*4 ^1 
>1 


BV+C[3 h,l^h2 


Br+G(Ij^) 


= O(h^), (h - 0+) 


= 0(li ), (H - 0+), 


e (^(x) = x(l-x), P(x) = / f(x)dt, A^(x) = 


h (1+h-t )x 

= x// f ’ (s)ds dt, I, = [^h/l+h, l/l+hl » 

o ( l+li)x-t ^ 




B7+G £ h, l-h3 




m 


G£h,l^h2 


May [[[4:6 j prcfved a more natural global saturation 
theorem alongwith a correction term, in weighted 1 Xo.il norm, 
where 1 £ p < °°« Ihe presence of correction term renders the 
saturation class more natural. The theorem states that 

- * (t)p^(f,t)}ll ^=0(1) 

ipLo.in 

iff f' 6 A.O. And f^®^ e IpCOi^n for 1 < p < ■», or' 

f e A.O. and f' e B.¥. C 0,1^ for p = 1. 

ll’J'“^t){p^(f,t)-f(t)-(|>^(t)P^(f,t)}ll^ Co 1[] " 

iff f is linear, where ‘^xi(t) = ^^y^ and = 

Some of the auxiliary results obtained in Z&S2, 

CdOC and C4:6[] will be used in Chapters II and HI, We 
state them as lemmas* These lemmas are about moment formulae 
of Bernstein polynomials, Bernstein-Kantorovitch polynomials, 
derivatives of p^^(t) etc. 
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Len^ 1.7,1. Iheorem l.S.l^ ) le't s 6 UN, then 

defined as ^ 

is a polynomial in t and n; in t of degree < s, in n of degree 
cin- ^n 2s^^^ depends only on t(l-t) and the coefficient of 

n® is (t(l-t))®l T„ p,^i(’fc) is a polynomial in t(l-t), 

gS gj n,^&fi 

multiplied by (l-2t), 

She following lemma ([]]46, lemma 2.1, p, 322^) expresses 
moments cf Bernste in-Kantorovitch polynomials in terms of moments 
of Bernstein poljmomials. 

Lemma 1.7*2. let m G ard p(t) = t(l-t) . Then 

•rn.m— i. i.ATii d.V' 

(1.7.1) = jSi-?;‘\vt7 ^iH-1 

The following corollary follows from Lemmas 1.7,1 and 

1.7.2, 

Gproll^^y 1.7_.3 . Bor m G 3N there holds 

(1.7.2) P^((a-t)V) = 

^ (nfl)“*^ 

where Q(nfl,t) is a poljmomial in (in-l) of degree [”“^-3 » 
in t of degree ^ m. 

The derivatives of Pjf^^(t) are given by lemma of 
Lorentz ” 403 . 

Lenma 1.7^.4. Let k G IK. Then there exist polynomials 
(t ) which do not depend on v or n, such that 



(1.7.3) t'’(l-t)“-'- 

dt 

where i, 3 vary over IN® 


and satisfy 21+3 < k and I(t) = t(l-t). 


The presence of the factor (T(t)) in the denominator 
does not cause any problem for local inverse theorems as it 
is bounacd away from zero over compact subsets of (0,1). However, 
in the proofs of inverse theorems of a global nature a different 
t^^e of bound is required (see e.g,, £52, Li2, £61. CO 

and £zi2 )• 

The following s imp le lemma gives a bound for the absolute 
m-oments of a general linear positive operator Lj^(f,t) 

B 

L (f ,t) = f W(n,t,u) f(u) du, (t e I) 

“ A 

which maps 1 to itself. 

Lemma. 1.7,5. If for every m 6 IN and all t belongiiag 
to some compact subset K of I there holds 

L^((u-t)^“,t) = 0(n“^), (n - <=0), 

then for every positive number r and all t e K 

(1.7.4) L^(lu-t|^,t) = 0(n"^/^), (n 

Proof. Let s be an even integer > r. Then using 

Holder’s inequality 

B „ 

/ W(n,t,u) {u-t[^ du - 

^ A 
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l.£ 


S / B ■*“ 

<_ {/ W(n, -b,u.)| u-tl ® { / ff(n,t,u^a} ®, 

A A 


Ihis gives "by assumed moment estimates for integer a that 
B 

r' 

A 


^ /o 

/ W(n,t,a) [u-t|^ du < n“^/^. 


As a corollary to above lemma we obtain moment estimates 
for Bernstein polynomials and Bernstein^Kantorovitch polynomial#* 


Coroll^y 1,7.6. Let r be a positive number, Ihen 


(1.7.5) 




the constant M being independent of t and n, 

Gorollary_ 1;,7.7. Let r be a positive number. Lhen 

(1.7.6) P^([u-tj^,t) < M n"^/^, 

the constant M being independent of t and n, 

I'he following results ([^25, pp-. 734-735^) show that 
the Operators Pjj( . ,t ) are L^-bounded and that in the L^- 
approximation contribution from outside of a neighbourhood of 
the interval is arbitrarily small. 

Len^ l_,7j,8 • Let 1 < p < oo and f e L Then 

P 

Lemma^ 1,7,9, Let 1 < p < “ and f e L , Then 

for i Gl^ ^ (^-jb) aM with x(u) as the characteristic 



E9 


function of the intenral Ca.b3, there holds for any fixed 
positive number ^ 

(1.7.8) Up (f(u)(u-t)^(l„x(u)),t)l| 

= 0(n-') llfll , (n - 

bp L 0. 1 J 

The proof follows in the manner of the proof of Lemma 2.3 
of ^25, p, 7353 . 

The following Euler-Maclaurin sum formula p,275]^ ) 

will be required in the proof of saturation theorem for inter- 
polatory modifications of Be rnste in-Kantorovitch polynomials. 


lemma^ let function f(x) G oCo.O have 21c 

(21C+1) derivatives on (0,1) where f 21c+l)j ^ a.G.[P,I]. 


Then 


n 


(1.7.9) T f(|) = n/ f(x) dx + (f(0) + f(l)) 

3=0 o 

+ nZ - (f(2^-b>(l)-f(2r-l)(o))-rfi, 

r=l (2r)I n 


wtere R = - f 3o i ) dt } 

where the Bernoulli numbers B^ and the Bernoulli polynomials 
Pj^(t) are defined by the identities 


X 


oa ^ , ■v’il ^ V eo 

= Z _ and = 2_ P^(t) x^. 


e^-1 ■ n=0 


e —1 


n=0 
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1,8 A EESIjp JDS' EXPOMEEj^-^^^^ 

In this section we mention some results from C2l and 
|“45]3 on approximation in C-norm hy exponential type c^erators 
and their duals. Ihese will he useful both for comparison with 
1 cases and in our later analysis. Also we derive some simple 

Jr 

consequences of these, 

A formula for the moments of exponential type cperators 
( [] 45, Proposition 3.2]]J, Q2, Lemma 1,3,33 ) is given hy the 
following lemma. 

Lemma 1.8,1, Por m G Ajj^(n,t) defined as 

B 

A^(n,t) = n“ / W(n,t,u) (u-t)“ du 

^ A 

is a polynomial in t of degree m, in n of degree cii. Ihe 

coefficient of n“ in A 2 jj^(n,t} is (2m-l)ll p’^(t). And the 

coefficient of n^ in is p“(t) p’C't)* where 

„ (2iih- 1)I! m 

m3* 

Goroll^y 1,8,2, Let r he a positive real number, 

Ihen, for all t belonging to a contact subset K of (A,B) there 
holds 

(1.8.1) |Ap(n,t)l < M n^/^, 

the constant M being independent of n, 

She proof follows from Lemmas 1_.7,5 and 1,8,1, 

■ ■ ' ' ' ■ ■ ' ' I ' 

next, we state a Lore ntz-type lemma (jQ 2, Lemma 1.5.6 3 ) 
for the derivatives of the Icernel W(n,t,u) of an exponential type 
operates. 



31 


Leiniiia_1.8,3, For each k e IN there exist polynomials 
a^^\t) in t which do not depend on u or n such that 

i J 

(1.8.2) -2-^ W(n,t,u) = Qj^(n,t,u) W(n,t,u), 

5 1 

where Q,(n,t,u) = £ (u-t)^ 4 ? (pCt))”^, 

i»3 ^ 

i ,3 G IN° satisfy Si+j < k and p(t) is as d'efined in (1,6,6) 

A function ^ e C(A,B) is called a growth test furction 
for {S^} if for any compact subset K of (A, B)' there exists a 
n^ G IN and a positive constant M such that 

Sj^(<'^,t) < M, n > n^, t G K, 

Lemma 1.8,4, Let |f(t)| < ’J'(t), t G (A,B) for some 
G® if). Then the relation lim S^(f,t) = f(t) holds at each 

n -* CO 

continuity point of f. If f is continuous on [[ a,b3 » then 
lim S^(f,t) = f(t) holds uniformly on contact subsets of (a,b). 

n -*■ CO 

An asymptotic formula for linear combinations Sj^(,,k,t) 
of ezponential type operators is given by May 11453 = 

Lemma 1,8,5. Let [f(t)| < ’f’(t), t G (A,B) for some 
growth test function tp. If for some t G (A,B) 
exists, then 

(1.8.3) n^+^ {S^(f,k,t)-f(t)>= Q(3,t:,t)f<3)(t) + 0(1), 

where Q( 3 ,k,t) are certain polynomials in t. Moreover , 
Q(2k+2,k,t) = c^(p(t))^'*’^ and Q(2kH,k,t) = C 2 (p(t ))^ p ' (t). 
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i-urttermore, If f e 

then (1.8 .3} is uniform in 

every interval. [; e,(a,h). 

Inverse and saturation theorems for linear combinations 
of e^^oiientlal type operators In o-norm, oter oontraotlng 
intervals, have been proved by May . We assume in the 

following two lemmas that ^ < ag < bg < bg < b^ < B. 

lema 1.8.6. let _ 0 < a < 2 and lf(t)|. < ♦(t), t e (A,B) 
for some SOT ♦ . iton. In tte following, tto Implications 
’’(i) ==> (ii) ==> (iii)»» hold. 


I ,b ° (n - oo); 

“2k+2(^>^>&2.b23) = 0 (T> 0); 

(iil) |lS„(f,k,t)-f(t)||^j.^^g^^= 0(n-“(l^+l)/8), 

lemma 1.8.7. If are regular, then, in tte following, 

the implications "(i) ==> (u) ==> (ai)" and 
tT(iv) ==> (v) ==> (vi)'» hold. 


(i) 
(ii) 
( iii) 
(iv) 

( V) 


6 A.O. Cag^bgJ and g l^^a^.b^^; 


l|Sji(^'>^>*^-^(*.>lloCa 3 ,b 33 = CKn-^'^+l)), (n - »); 

||Sjj(f,k,t)-f(t)j|j,j-^^^jj^^= o(n-('^+l>), (n-=); 

f e ag,b ] and «(t,k,t)ffi)(tj = 0, 

i=l£t-l 

where t G ^agjbg^ , Q(i,k,t) are the polynomials 


occur. ing in (1,8 .3); 
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o(n“^^+^^), (n - co). 

IlB dual operators S* (.,u) corresponding to exponential 
type operators (*>t) have been defined and studied hy 

Agrawal [] 2^ • Ihese are given by 

B 

(1.8.4) S* (f,u) = / W(n,t,u) f(t) dt, 

“ A 

The normalized kth moment cj* t_(u} is defined through 

Z1 j Jx 

(1.8.5) = (a(n))“^ S*( ( t-u)^,u) . 

A recursion re3^tion for the normalized moments is given by 
Lemma 1.4,1 of 2, p. 24 

lemma^ lj,a ,8 . For each Ic e 3N and all sufficiently large 
values of n there holds 

(1.8.6) (n-(k+2)a) an,k+l^'^^ 2(k+l)(aufp ) or*^jj.(u) 

+ ip(ll) 

2 

where p(t) = at +pt+T and 

As a corollary one obtains tlB following estimate: 

0 or ollarj^ 1.8,9 . For k e and all sufficiently large 
values of n, S*((t-u)^,u) is a polynomial in u of degree <k. 
Moreover, for u e K, a conpact subset of (A,B), there holds 
for some constant M 

ls*((t-u)^u)l < M n 



(1.8.7) 
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ils a consequencse of the above corollary and Lenma 1«7,5 
we obtain the following estimate: 

Gorollary 1.8,10, For any positive number r and u e K, 
there holds for all sufficiently large values of n 

(1.8.8) S* (|t-u|^,u) < M n"^/^, 

M being a constant. 

It has been proved i^i [[[23 that the operators S* (.,u.) 
are also approximation methods . Moreover, the following 
asymptotic relation for linear combinations of operators 
S*(,,u) holds; 

lemma 1^,8 ,11 . Let Jf(u)j < 'f’(u), U6 (A,B) for seme 

growth test function . If for some u e (A,B) 
exists, then 

3 C ti ) 

(1.8.9) lim { S*(f,k,u)-f(u) >= S Q*Co,k,u) , 

n -* oo ^ 3=0 ^ * 

where Q*(3,k,a) is the coefficient of in the 

i k ^ 

asymptotic expansion of S*( (t-u)*^ ,u), multiplied by (-1) / n d. . 

“ i=0 ^ 

Moreover, (1.8,9) holds uniformly in ue 

^(2k+2) continuous on <a,b> , 

May ai'A made use of the following lemma 

in the proof of sup-norm saturation theorem for S^(.,k,t). 

lemma 1.8.12. For every m e tbgre holds 

B 

(1.8.10) / W(n,t,u) t^dt = P(u,n)+0(n"’^“’^\ 

' ''A ■ 



mm’i 

where p(u,n) is a polynomial in u. and n" , She degree 
of P(a,n) in u is m, and the CX-term is uniform for 
u. e a,h3 c:(AjB), 

In the proof of saturation theorem, for interpolatory 
modifications of regular exponential type operators in 
Chapter V, we require the coefficient of in P(u,n), 

This is obtained in the following lenma: 


Lemma 

coefficient of u^ 

(1.8.11) a = 

' m 


Let m e 3H and a = a (n) be the 

HI IH 

in P (u,n) = / ff(n,t,u) t^ dt. Then 
^ A 

13H- 1 ^ n 

a(n) n (1 - ^ ct)"^ , 

3=2 “ 


where a 


is tbe coefficient of 


in p(t). 


Proof, Y/e proceed by an induction on m, 

B B B 

P.(u,n) = / W(n,t,u)t dt = / W(n,t,u)( t-u)dt+u / W(n,t,u)dt 

iL A A 

1 s A 

f & W(n,t,u)) p(t)dt + u a(n), 

n ^ ot 

Letp(t) = at^+ §t +Y f then by (1,5.10) and (1,5.8) 

1 ® 

P (u,n) = - i {- / W(n,t,u)(Sat+p )dt } + u a(n) 

^ ^ A 

= 2 “ Bi(a,n) + I a(n) + u a(n} 
i,e., P^(u,n) = u a(n)(l- + | a(n)(3^ . 

This proves the result when m=l. We assume it true for m=r. 
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Tien P -(u,n) = / w(n,t ,u)t^( t-u)dt + / W(n,t,u)ut^d't 
^ A A 

B 

= *“i^{ (ft + uP^(u,n), 

Again integrating by parts and us.ing (1.5.10) 

. B 

P^lC^)^) = WCn,t,u)(t p(t)} dt> + uP^(a,n). 

Since (t^p(t))* = a(r4-2)t^'‘’ V p(jw-l)t^+ Yr t^”^, 

P^^(u,n) + uP^(a,n) 

+ p^(a,n) +Y I P^_^(u,n) 

i*e«» = (1- up^(a,n) 

t(l- p^(a,n) + Y £ P^_i(u,n)) . 

By Lemma 1.8,12, P^(u,n) and P^__^(u,n) are polsmomials in u 
of degrees r and r-l respectively and hence 

f^o\ 1 ^+1 • -I ^+2 . ^ 

^r+l" ■^' n^”^" n^~^» 

3=2 j=2 

completing proof of the lemma. 

The above mentioned results concern ordinary ^proximation 
by ejsponential t3?pe operators. An interesting fact about these 
operators is that they also have the simultane ous approximation 
property S^^\f,t) -* f^^\t), t e (A,B), Ic e IN • Inverse and 
saturation theorems in simultaneous approximation for some 
seq_uences of linear positive operators have been proved in 

n^zi* c ^*^3 * c n n • 
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G0MBINA2I0KS OF 


BJHlTSGSffl-KAHIOEOViaKH POLHOMTAT-S 

^ » fc. r _ r r . t \ /a - ^ v m rvj. / * a . . w a . 


A study of direct, inverse aWi saturation theorems for 
Be rnste in-Kantorovitch polynomials in 1 -norm (1 ^ p < ~) 
has Been made in C 253 (see 1.7), ifere we obtain these 
theorems for the lineai combinations of Ber ns te in-Kantorovitch 

A V yr :''m' ; — -yrv A. ‘ r r ■ 

polynomials in L^-norm (1 < p < «), Our results aie local 
in nature over contracting intervals. Ihe proofs of some 
of these results require estimates of adjoint moments of 
Bernstein-Kan-torovitch polynomials which we prove in Section 1, 
In Section 2 we show that the linear conbinations of ^fernste in- 
Kantorovitch polynomials in L^-norm converge faster to function 
provided function is sufficiently smooth. In Section 3 we 
prove an inverse theorem related to Pj^(,,k,t). Ihe proof is 
carried out by using properties of a linear method of approxi* 
mation (viz., Steklov means). In Section 4 we prove a 
saturation theorem. 


life use the notations I = 3-l»2,3 

3 3 3 

where 0 < and < b^ < 1, throughout this and 

the i^xt chapter. 


f 





2.1 gh e Dual Operato rs . 

Let { P^}be the sequence of Bernste in-Kantorovitch 
polynomial operators. We define the dual operator sequence 

^ as follows (the Icernel K(n,t,u) is defined in Section 1,5) 

1 

(2.1,1) P*(f,u) = / K(n,t,u) f(t) dt, 

o 

Phe domain of the operators P* is the set L.(I), Let <f,g> 

1 

denote the real inner product f f(u) g(u) du, Phen 

0 ■ . 

1 

<P*(f,u),g(u)> = / P*(f,u)g(u)du 

o 

11 

= / / K(n,t,u) f(t)g(u)dt du 
o o 

1 1 

= f f K(u,t,u)f (t )g(u) du dt,by Pubini’s theorem 
o o 

1 

= f Pj^(g,t)f(t)dt = <P^(g,t),f(t)>. 

0 

Bote that for each f G L^(I), P*(f jU) is a step function. 
Moreover, for f e L (I), 1 j< p < ~, making use of the Jensen’s 

■Jbr 

inequality and thaiPubini’s theorem we have 

ilP*(f,u)l|^ = / |/^ K(n,t,u)f(t)dt|^ du 
Lp(I) o o 

1 1 

<J / E(n,t,u) lf(t)p dt du 
o o 

1 1 

- f f 

o o 

' O ■ , O' 



Hence we have the ine quality 


( 2.1<2) I |Pj^(f,u)[ f 6 l'p(l)' 

By definition 


P*(l,u) = 1, u e I, 


n 


and P*((t-u) ,u) = £ 


V =0 


‘nv 


(v + 1 } (v +2 ) 

(u) { - 

(n+2)(nf3) 


2u(v+l) 2 

'We) ^ 


= 0(i), (n - 

uniformly in u e I. 

Hence it follows' from Theoreca 3 of Korovkin- [[ 36]3 that 
P*(f,u) -* f(u), uniformly in u e I as n - <», provided f e C(I). 
therefore, "by (£.1.2) the operators P* constitute an approximation 
method also for f e 1^(1), 

i.e., Hp*(f ,u) - f(u)l 1 = o(l), (n - co). 

Lp(I) 

^ , 

Let k e H Phen the k-th dual moment is given by 

= P*( (t-u)^,u) . Pheir bounds can be obtained frcaa 
Propo sition 2 Let k elH” andt u e Phen 

(S.lJi) p♦(|t-u|^u)=-0Cn■^^) , (n--), 
uniformly in u G 
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Prq_of . It is sufficient to show that for r G » 

[[[c,d3 c (0,1) and for all v(=l,,, ,,n-l) satisfying c < ^ < d, 
there holds for some constant M independent of n and v 

(2.1.4) / p^^(t) -tj^ dt < . 

o ^ +1 

low, let u e Ihen u e [;^ 3 _ , for soiae v» e (0,1, , . , ,n}. 

Thus 

P*(lt-ul^u) = (2>^1){ X^^(u)(/p^^(t)|t-ul^ dt) } 

= (n+l) / P^^,(t)lt-ul^dt (as ue 

= (ni-1) / Pj^^,(t)lt- ^ -ul^ dt 

0 

< (nj-l) / ( 't)( 1 "t- ^1+1^ *“ 0 .| )^ dt 

o 

(2.1.5) =(nfl){2^(^) / p^^t ('*')1^ ^ ^ • 

We note that 


^ ® C nil"^^ nrplies that | u- ^ and hence 

if we assume that (2.1.4) holds, then by (2.1.5) 



Proof of (2.1.4)^ Considac those v*s which satisfy 

\M^xrn _r4 _v. r\« » 

(2.1.6) o < I c a. 

For e 6 (0.1) we define a function p(t) as follows: 
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= { 


t e T-e i-el 

e®(i-9)^-0 >^eLe.i-e_i, 


0 j ^ Q —9 5 1—6 3 * 

Then p(t) is a bell-shaped function (see Section 1*4) , 
Also it is easily seen that = -(e( 1^9 

An application of Lemma 1.4,1 to the function ^(t) gives 

iiii n <^+ 0 / 2 at 

e* 


n -► oo 


-e 


r-t-i P (r+l)/2 

= rC-g' =Mj^(say). 
By a transformation of the variable we obtain 


21 **► OO 


By Stirling’s formula for large positive values of x 

r(x+l) ^ (Stex)^/^ x^ e“^. 


This implies that 

r(rH-l) 


- 1/2 


- ^ -X—.-/ ^ { 2-n:n0 ( 1-0 } } 

^2.1,0; ^ , 

rCne-j-i) r(n-ne+i) - { e^( 1-e )-^"® F 

(2,1,7) and (2.1,8) imply that as n tends to infinity 

(2.1.9) - / |t-0j^ t^(l-t)“^^”® ^dt < ^ - - 

r(netl) r(n-ne+l) o “ w+l 

■rr 
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Choosing Q = ^ where ^ satisfies (2.1,6) we obtain from 

(2.1.9) 

1 M 

( V ) / t'’(l-.t)^‘’'’[^ -t|^ dt < ‘ • 

0 “ ” f +1 

rr 

This proves (2,1.4), 

Cor ollary 2.1.2, Let r > 0. Then for all v’ s 
satisfying (2,1,6) there holds 

(2.1.10) / IS dt < , 

0 “ i +1 

rr 

where M is a constant independent of n and v , 


Proof, let s > r he an integer. Using Holder *s 
ine (quality we obtain from (2.1,4) 
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2.2 E^0E_ESTIMAIBS DIRECT TMM 


In this section first we obtain estimates for error 
in Lp-approximation (1 < p < °°) by linear combinations P^(.,k,t) 
of Bernste in-Kantorovitch polynomials in terms of 1^-norm of 
derivatives of the function. The proof of the case p > 1 makes 
use of Lemma 1.2.1 regarding Hardy-Littlewood majoraht of the 
function and Lemma 1.2,2 which bounds intermediate derivatives 
of the function in terms of a higher derivative and the funstion 
in L -norm- . While, when p = 1, we use Lemma 1.2.5 regarding 

ir 

in-tegration by parts in Lebesgue-Stieltjes in-tegration and 
Lemma 1.2,2, Using these results we obtain a general error 
estimate in terms of (2k+2)th integral modulus of smoothness 
of the function, finally we prove 'yoronovska^a type asymptotic 
formula for the operators P^(,,k, t). 

Theorem 2,2^ I, Let 1 < p < °° and f e L^Cl). If f 
has 2k+2 derivatives on I^ with f 6 A.G. (I^) and 

^(2k+2) g Lp(I^), tlBn 

(2.2.1) l|P^(f,k,t)-f(t)|l 


< 


M •;j,„(2k+2)n 

■ 5S-1 il 

n 






ii^ii 


L (I) 
PV 



where M is a certain constant. 


To prove the theorem we require the following propositi cm 

P^rcp_ositi on ^2.2,2, Let 1 < p < o®, hG ^p^^) 
i ,3 elK*^. Then for a sufficiently large positive number ^ 



u 


(2.2.2) 1|P (lu-tl^]/ lu-wl3lh(w)ldw|,t)ll 

t p^-^2^ 

<M{n^ ^ (I)^’ 

p'^ ^ 

where M is a certain constant. 

u. 

Furthermore, 1 [P^C [ a-t ' | ^1/ 1 u-wj ^ 1 li(w)ldwl ,t )( [ 

t P ^ ^ 


( 2 . 2 . 5 ) 


< n 

- 1 




(.)• 

P 


where is another constant. 

Proof. Let X(u) denote the characteristic function 

». I - ^ 


of I^. fhen 


np (|u-t|^l/ lu.-wl3lh(w)ldwl,t)l j 

t -^n'‘-^2^ 


< IIP (I ) 

t d'‘*'2'^ 


= j + Jg 5 S3.y • 

First we eYaluate let H^(u) be the Hardy^lttlewood 

majorant of h defined by (1.2.1). Consider the following 

ineq.uality« 

/ ^ K(n,t,u)ju-t|^l/ la-w|^lXw)ldw|du 

<f ^E(n,t,u)lu-tl^3+l(_>^^^ lh(w)idwl )du 


< S ^ K(n,t,u)| Hjj(u) du, 



—1 —I 

Now using Holder's ineq^uality (witH p +q = l) and then 
applying Corollary 1.7.7 in the next step we get 

. . 

/ K(n,t,u)|a-ti^’^3+l H (^)a.u 

H 

^1 . . 

< { / K(n,t,u 

~ H H 


< Mg n 




{ / i!;{n,t,u)lHj^(u)l^ au)VP. 


Using Hubini’s theorem and Lemma 1.2.1 it follows that 


< Mg n ' {/ / K(n,t,u) j du dt 

ag 

_(i+i+l^ \ ^2 

Mg n ^ {/ \ Z(n,t,u>at)duf/jP 




< n" ■ ® Hull 




Next we estimate Jg. Let 6 = min (ag-a^,b^-bg ) . Usihg Jensen's 
inequality twice and writing s = 2zp + 1 - (i+3+l)p we have 

‘TI < / / K(n,t,u)|u-t|^P(l-X(u))^|/ (u-w| ^|h(w)|dwp du dt 

” ag o t 

^2 1 * u 

</ / K:(n,t,u)| u-t| j/ |u-w| h(w)pdwjdudt 

ag 0 t 

^2 ^ ^ 

< / / K(n,t,ii)|u^t[^^'*3+l)p-l(i_^u))Pj/ |h(w)|J’aw|au at 

ag o t 

^2 1 ^ 

< 6"®/ / K(n,t,u)|u^tl^^'*'i‘*'^^5'‘'®”^(l-x(uJ)f |/ I h(m)lPaw[auat 

ag 0 t 



du dt 


■'2 1 


< Ill'll® ^ f K(ll,t,u) 

tpd) ag 0 

Making use of Corollary 1«7*7 it follows that 


M, 


Je < -f ii^n 




ipd) 


Finally, ( 2 , 2 , 2 ) follows from estimates of and Jg. 

She proof of (2,2.3) follows along the lines of the above proof 
but for one change that we do not have to decon^ose integration 
in u into the two psirts denoted and Jg. 

Proof of theorem 2.2,1, For t G lo and u G I^» with the 
given assumptions on f we can vrite( [^30, Corollary 18.203) 

f(u) = ,d)(^ ^ 1 a„. 

i— 0 ' t 

Hence, if x(u) is the characteristic function of I^, we have 
1 

P^(f,t) = / K(n,t,u) f(u) du 
0 

1 1 

= / K(n,t ,u)x(u)f (u)diH-/ K(n,t,u)(l-.x(u) )f(u)du 
o' o 

2k+l ^(i)/^'v 1 ^ 

= S / K(n,t,u) x(u) (u-t)^ du} 

i=0 ^*0 

^Cn»t,u)x(u) / (u-w)^^'*’^^^^'^^\w) dw du 


o t 


+ / E(n,t,u)(l-x(u.)) f(ii} du 


2ki-l -,(i), .s 1 . 

= -2 ' ^ / K( n, t , u) ( u-t )^ du 


i=0 



(21c+i7r du 

o "fc 

1 

+ / K(n, t,u)( l-X(u)) f(u) da 
o 

21j:+ 1 „(i), . X 1 

+ 2 .V-/ / K(n,t,u)(x(u)-l)(u-t)^ da} 

i=0 o 

2here fore , 

2k+l ^(i)/ 1 N k 1 . 

P (f,k,t)-f(t) ={ 2 ^ { 2 c(3,k)/ K(d.n,t,a)(u-t)^ du}} 

^ i=l 3=0 o 3 


^ 1 

^^kti')T K(d^n,t,a)x(u) X 

^ / (a-w)^^'*'%^^^’^^\w)d7/ du}}} 
t 

k 1 

+ { 2 c(3 ,k){/ K(d.n,t,a)(l-x(a)) f(a) da}} 

3=0 o 3 

Ek+1 k . 1 - 

+ { 2 — { 2 c(3,k) t / K(d .ii,t,a)(x(u)-l)Cu-t) da }}} 

i=0 3=0 o ^ 


(E,2.4) = 2^(t) + Z^(t) + 23(t) + say. 

k 

In "view of the fact that 2 c(3,k)dT =0,ift=l,2, , , . ,k, we obtain 

0=0 3 


from Corollary 1.7.3, < 

1,3(12) 


n 


2k+l 

_Z ||f 

1=1 


(i) 


^p<"2) 


). 


Making use of Lemma 1.2.2 we obtain another bound for the 
expression on tjae right side, i,e., 

t 




(Hf(2k+2)i| 


llfli 


^ pC ^ 2 ) 


), 


wtere and m| are certain constants. 



Kb estimate liSnll < ' 

follows from the estimate of in Proposition 2.2.2, 

Taking z= k+1 in lemma 1,7,9 and using boundedness of c( 3 ,k)'s 
we have 

llL,ll < -vfi llfll 

Ip (I) 

Due to the presence of the factor (x( «■)-!) i'^J easily follows 
from Lemma 1,7.9 that for all t e Ig 

/ K(n,t,u} (x(u)-l)(u-t)^ du < . 

o n 

This^alongwith Lemma 1,2.2, implies that 


M. 




(lUIL .. ,)• 


-p 

The theorem now follows from (2,2,4) and the estimates of 
Z ^2^ ^3 ^4* 

Corollary^ 2_. 2, 3, Let 1 < p < “ and f G 1^(1), If f 
has 2k+2 derivatives on I with f(2k+l) g a.O.(I) and 

^(2k+2) g Xip(I)^ then for some constant M 
(2,2.5) l|p^(f,k,t)-f(t)l| 

p P 

Proceeding as in the proof of Tl^orem 2.2.1 and using the 
second assertion (2, 2.3) of Proposition 2,2.2 we obtain its proof 



Jlieorem 2.E.4. Let f ' e 1^(1). If f has Ek+1 derivatives 
on with e A.C. (l^) and e B.V.(I^), then for 

some constant M 


(2.2.6) Up (f,k,t)-f(1;)jl 

L^Clg) 

< -l+l 




[£(2k+l)| 




+ 11^11 


} . 


I^CI) 

First we prove an auxiliary result from which the proof 
of the theorem mil follow easily, 

os it ion 2.2.5* Let he Ihen for i, 36 ®° 

and a fi 2 ©d positive number a 

(2.2.7) 1 1P„( |u-t| u-wj 3|dh(w)| I ,t)| 1 

t Bj^(Ig) 

< E, {n-("3+lV2)lii|| +n-'*llli|l }, 

" "b.V.(I^) "b.v.(i) 

where is a constant. 


a 


Furthermore, ||p (lu-tl^l/ 1 u-wl ^IdhCw)! 1 ,t )1 I 

t h^^Cl) 

< Mg ll-("3-lV2||i>|l 

where Mg is another constant. 

Proof, Let x(u) be characteristic function of I^, 


Then 



5U 


2 1 


u 


= / / K(n,t,u)|a-tl^i/ |u-w|3|dli(w)jl du dt 

O "fc 

^2 1 u 

<f S K(n,t,a)[ a-t| |d.h(w)| jdu dt 

Og p -fc 

bg ^ u 

8g O "t; 

^2 1 u 

+ f f (l-x(u.) )K(n,t ,u)[u-t| ^■*■^1/ (d]i(w)| I da dt 

ag p t 

= + J2J say 

First we estimate Jg, ISfe note that the Tariables a and t 
are such that | u-tj > 6 where 6 = min (b^-bgjag-a^)* Hence 
choosing i sufficiently large so that s = 2ji - (i'i-j) > 0 we 

2 1 1 a-tl u 

J 2 1 / ^ (l-x(a))K(n,t,a) - j/ |dh(w)|| da dt 

Qg o 6 

1 

<M: 5 llh|| (/ K(n,t,a)|a-.t|^^ da). 

B.V.(I) o 

implying Corollary 1*7.7 we obtain 

For each n there exists a nonnegative . integer r = r(n) 

^ *1 
such that ‘ ^ ^1”®2»^2“^1^ — 

¥e have 

1} ^ ^ IX 

Jl = / ^ / K(n,t,a)j u-t| J da dt 

Qg 



a 


f S E( 21 , t,u)| a—tj jj" X(w)|dii(w}j 1 du dt 

ag ai t 

X ^2 'fc+(£+l}ii —1/2 

x(w)|dh(w)| ) du 

’’’ ■^ , “■-*l^''’^(/ x(w)|aii(w)| Mu} at. 

t-(^+l)n-V2 t-(t+lM-V2 ' 

^t,c,d^^^ denote characteristic function of interval 

[3 t - cn t + dn“V^]3 where c,d e Then 

r ^2 t+(£+l)n“V2 

K(n,t,u} n^ ju-tj^-^^t^: 

^ t+im“V2 ‘ 

t+(i.+l)n“V2 

^ ^ { x(w)x^^ 0 ^j^^^(w)|dh(w)| } du 

t-iln“V2 

+ / E;(n,t,u)n^ il"^ju-tj^'*'3'*^ x 

t-(£+l)n“^/^ 


^ ^ ^ x(w)x^ 0.j^_i_^/w}jdh(w){}du3dt 

t-(£+l}n~V 2 »- 


bg bg+n”^/^ 


-PHTRW- 


k. '1;"' 


" 4 4--^/^ 

t+n”^/^ 

x(w)x.j.^^^^(w}|dh(w}|}du dt 

"fc -•21 ^ 


r 8 ^8 t+(t+l)rrV2 _ 

“i=l'r^'L ''^ 1/2 K(n,t,u)|u_tl"3+4 X 

*■ ®s t+tirV* 

>=1 

ai 



+/ K(n,t.u)lu-tl^+3-^ / )C(.^^^j^^p(w)ldh(w)lau)dt} 

t -( ll + l ) n " V 2 ’ ’ 




(2.2.8) + / / K(ii,t,u)| u-t|^’*‘^(/ ^ ^(w)|dh(w)()dadt, 

^ a 2 - n " V 2 


We use moment estimates given by Corollary 1.7*7 to 
1 

obtain a bound for / K(n,t,u)| u-t| du and in the next step 

0 


we apply S'ubini^s theorem, Thus 

r 


‘>2 *>1 


J . < { j ; 1 {/ / X . 

a=i s. ^ H ' * 


\ \ 


H \ 


+ f f ii+l ’^t 1 i(w)l‘^Kw)ldt} 


r ^2 

= I/L { 2 (/ Q ^_j_^(w)dt)|dh(w)l 

z=l n a^ ag * » 


b. b„ 

1 ^ 




c/ £ + 1 o(w)dt)|dh(w)l}+/ (/ X^ ^^^(w)dt)ldh(w)l} 

a^ ag » » ^1^2'* 


w 


= IL 2 ^ l^li(w)| (/ 

Jl=l S, a^ w-CJ-tl)!!’ 


4- / |dh(w)| (/ 

e-l w 


vH-n"^/^ 

dt) } + / ldh(w)i(/ dt) } 


w+(£+l)n“^/^ "1 ■ vH-n 




w-n 


< M. n -^^+ 3 + l )/2 I i -) + 2 ) lthl | 

“ ^ £=;' 

< 1 1 1 


^ £=1 B.V.(I^) 


B.Y.(I^) 



The estimates of and Jg complete tbe proof of (2,2,7) , 

The second assertion of Proposition 2,2.5 follows in a 
similar fashion. 

Proof of Theorem__2^, 2,4, Since f(2t:+l) g b, 7,(I^), it 
folio ?7s from Theorem 17,17 of that fC^^+l) continuous 

a.e, on I^, This alongwith Theorem 14,1 of £612 implies that 
for almost all values of t e Ig and all values of u e 


f(u) = -CSVlJl ^ (li-w)^^'^^df^^^'^^^(w). 


let x(u.) be the characteristic function of I^, Then writing 
f = f X + f(l-x) and using the above equation in the next step, 
we have for almost all values of t e Igj 


P^(f,t) = P^(Xf,t) + P^((l-x)f,t) 


21C+1 Ax)(+\ i 

i=0 . * 

+ -{eW! 

2k+l + \ i 

i=o ^ 

Ek+l + % 4 


Since in the Lebesgue integral deleting a set of measure 
zero is immaterial, we obtain from above 



ijCig; 

2 1 /* * \ • ' 

1=1 

+ 1|P ((l-x)f,k,t)l{ 

L^dg) 

^ L^Clg) 

2l£i-l ^ / -1 V • 

+ 2 '{fr il ^(i:Xi’J(Mu)-i)(u-t)\j.,t)>l| > 

1=0 ^ 

(2,2.9) = 2^1^ + 22+23+2^ » say* 

Proceeding as in the proof of estimates of 2^, 2^ and 2^ of 

Theoreim 2,2,1, we obtain 


M. 




n 


2o <-Will^ll » 

2 - ^k+1 11 

and 

% 1 -fal +11^11 )• 


Finally, using the first assertion of Proposition 2.2,5 


M, 




PlB proof follows from (2,2,9) and the estimates of 2^ to S^* 

Proceeding in the manner of the proof of above theorem 2.g,4 
and using second assertion of proposition 2,2,5 we get 



Gprolla^y^ 2,2.6 , Let feL^(I), Iff has derivatives 
to the order 2k+l, f^^^) e A.C.(I) aM e B.¥.(I), then 

there holds for some constant M 


(2.2.10) [|p^(f,k,t)-f(t)jl 


L^(I} 

^ j|^(2k+l)|j H-l |fC2k+l)j| 

“b.v.(i) “ ‘l^(i) 


- " k+l 
n 


+ I jf 1 1 y • 

L^(I) 

The^orem 2,2,7, let 1 < p < «> and f e 1^(1). Then for 
sufficiently large values of n 


(2,2.11) liP^(f,k,t) - f(t)ll 




i M jf| 1 } , 


where M is a constant. 


Proof, Let f^ 2k+2^^^ !:« the Steklov mean of (2k+2)th 
order corre ponding to f(u) where n > 0 is efficiently small 
and f(u) is defined as zero outside I, Then 


||P^(f,k,t)-f(t)lt < llPn(^-^,2k4-2»^»^^)lL ,, ; 




(2,2,12) = + Jg + Jg, say. 

We choose numbers a* and h* such that a^^ < a* < ag < < 

b* < b^^. Let x(u) be the characteristic function of a*, b*^ , 



56 


Using (1,5,2) and Leminasl,7,8 and 1,Y,9, we obtain an estimate 
of ^ 1 * 


^ ± S. I l^n^^^^“^n,2k+2 ^ i 1 








^p(V 


In view of Lemma 1*3.1 this can be furtter bounded as 


(2.2.13) < Mg{«gj^^2(f,n,p,I^) + ). 

LpCI) 

Uext, it follows from theorems 2.2.1, 2,2,4 respecti-Tely 
for the cases p > 1 and p = 1, Lemma 1.2,2 and the fact 


fC21sH-2) 

''.2^+2"i^[;a*,b*3 


“ I l^n,23£i-2n 


B.Y.[:a*,b*3 


that. 


^2 1 pli ' + n^n,2fc+2l Ij, 


} . 


P- - P 

This, in conjunction with the estimates (1.3,2) and (1.3.4), 
implies that 

M, 


(2.2.14) jg < ■ “2k+2(^>''.P»Il>+liflL ,_!• 

Ip (I) 


n 


Also, by (1,3,3) of Lemma 1,3,1 


(2,2.15) Jg ^ Mg > C 1 ^ * 

finally, takji^ n = n”^/^ ard. (2,2,12) to (2,2.15) 
combined con^lete the proof. 



Iheoj^m 2.2.8. Let f e ILeia there holds 

(2.2.16) P (f,k,t)-f(t) = n“(^+^^{^r%(i,k,t)f(^\t) } 


i=l 

+ (n - «), 

uniformly in t e I, where Q(i,k,t)'s are certain polynomials 
in t . 

Proof, Por some S lying hetv^een u and t we have 

2k+2 /,, . xi /.x .^2k+2 

(2.2.17) f{u) = X 

Since fC2k+2) ^ o(I), given an arbitrary S > 0, there exists 
a 6 > 0 such that 

|^(2k+2)^^^ - ^(y)j < e, whenever |x-yj < 6. 

therefore, for all u, t belongii^ to I 

I (u-t)^^'*'^(f(^^'^2\5)-f^^^'^^\t))[ < e (u-t/^'^2 

^ 2 i lf(2k+2}i I 

6^ 'c(I) 

Phis implies, by positivity of P^(.,t) and Oorollary 1.7,7, that 

(2.2.18) |P^((u-t)^^'^^(f(^^‘^^\5)-f^^^'^^^(t)),t)l 

✓ M 1\ 

^ Ik+l 


n 


m 


Prom Corollary 1#7#3 and the fact that Z c(j,l:)d- =0, 

j=0 3 

m = l,2,,,.,k, it follows that 

(2.2.19) P^( Cu“t)5,fc,t) = n~^^^^Q(i,k,t)+o(h"^^'^^^), n -* «>, 


n 



where i = 1,2, . . . ,21cf2 axd the o-term holds uniformly in t g I, 

^plying the operator P^( . ,k,t) to (2.2.17), we obtain 

2k-j-2 ^(i)/.\ . 

P^(f,k,t)-f(t) = ^2^ Pn((u-t)^,k,t) 

(2.2.20) + XSlc+2‘Jl 

Since e > 0 is arbitrary, we obtain from (2.2.18), (2,2.19) and 

( 2 . 2 . 20 ) 

2l£^2 

P^(f,k,t)-f(t) = 2 Q(i,k,t)f^^^(t)> + o(n“^^+i^), 

i=l 

as n — «», where the o-term holds uniformly in t e I. 

2 .3 INl/ERSE, IHEOHEM 

In view of theorem 2.2.7 it follows that if 1 < p < o°, 
f G 1(1), a be a positive number _< 2k+2 and 

^ ^ ^ } Q'S T Oj “ttien 

I jP = 0(n"“/^) as n - 

Here we prove a corresponding local inverse theorem over 
contracting intervals. In the proof of this theorem we require 
some auxiliary results which we prove first. Lemmas 2,3,2 and 
2,3,3 are proved by using earlier results. Lema 2,3.4 is a 
Bernstein-type inequality for Be rnste in-Kantorovitch polynomials 
in L^-norm, This is proved by making use of tte Riesz- ahorin 
inteipiolation theorem, Pinally we prove the inverse theorem 
by induction on a. It maybe observed that in proving the 
inverse theorem without any loss of generality we may assume 



the function has a compact si^port contained in the interval 
(0,l). So prove this « let a,b be such that 0 < a < < 

b^ < b < 1, We choose g e c“ such that g(x) = 1 for x G Ca,b3 
and supp g c: (0,1), Then, by Lemma 1,7.9 

1 - (lg)(t )1 1 

< i|P^(f,k,t)-f(t)|l +jlP^(fg-f,k,t)ll 

= llP^(f,k,t)-f(t)[| +o(n'*^)|lf| [ (n-co), 

Ip(Il) 

where sl is any fixed but arbitrary positive number. Thus, 
otherwise, instead of f we may work with fg which has a 
coEpact support contained in (0,1). 

Theorem 2,3.1, let 0 < a < 2k+2, 1 < p < <» and 

f G L ( I ) , Then 
P 

(2.5.1) = 0(ii"“/^), (n - 
implies that 

(2.3.2) ^2l£h2^^ *P *^2 ^ ~ “*■ 

Lem ma 2,3^2, Let l<p < hGL(I) and i,j e 3K°. 

P 

Then for a fixed positive number ^ there holds .for some 
constant M 

n . (v+l)/(iH'l) 

(2.3.3) lUnM) 2 {p (t)l|-tl^/ ;u-tl3 X 

v=0 v/(nfl) 

1{ |ii(w)lawlau)|l 


X 



< M {n"^»3+l)/2||ii|[ +n"^llhlj }. 

Ipdl) lp(I) 

Proof_ of the lemma. We first consider 1±ie case p > l. 
Making use of Holder’s ine equality and Corollary 1.7 ,6 


n 

I 

V =0 


, 4 (v + l)/(rH-l) . u 

^ "*^1 ( w-l)|u-t| ^|/ I h(w)|dw|du} 

v/(nfl) t 


v=0 


n 


< Pnv^'^^ 


V =0 




y+l)/(nfl) 


\)/(nH) 


(nfl)| u-tj ^ j/ ( h(w)|dwjdu}^’ 


— i /? ^ (v + 1 ( Ilf 1 ^ . 

< M^n / { 1 (»i-l)| u-t|^ X 

V =0 V /(rH-1) 

^ 1/ [h(w)|dwldu>^^ }Vp, 
i? 

Using Jensen* s ineq^uality twice the ^^ove expression is bounded 
by 


u 


A /O ^ 1 ) . w. . / 

M-32”/^{ S */* (ni-l)[ u-t| |ii(w)|dwpda 

v=0 v/(rH-l) t 

<M^n“'V2{ 2 p X 

“ v=0 v/(rrt-l) 

X |/ Jli(w)|^ dwldu}]?"/^ 
t 

= n“^/^, { P^( I u-tj ^3+l)p-lj J j h(w}p dwj ,t) 

ij 

Now, proceeding as in tiie proof of Preposition 2,2,2 we obtain 
(2.3.3). 


For the case p = 1, proceeding along the lines of proof 


of Proposition 2.2.5 , we have to es-timate the expression 



U X 


n . (v-H)/( 2 ifl) 

Z ■^1 f du} in place of 

v =0 ^ V /(lH- 1 } 

1 

/ K(n,t,u)|a-t| du occuring in equation ( 2 . 2 * 8 ) • 

o 

Ihis is done by using Bolder ’s inequality and the moraent 
estimates for Be rngte in polynomial and Be rnste in-Kantorovitch 
(Corollaries 1 . 7,6 and 1 , 7 . 7 ) j 


n 


i I''+l)/(ni-l) 


( 2 . 3 . 4 ) 2 p^^(t)[l-tl^{r 

v =0 v/(iin) 


(nf l)j u-t|^ du} 




v =0 


V =0 

(v+l)y( 2 H-l) r n 1/r, 

X { / (nf-l)lu-t[ du}^ 

v/Cn+l) ‘ 


i/9 ^ (v-fl)/(rH-l) 

<Mpn"V 2 { 2 p rt)f (nfl)|u-t|^%u}V<l 


V =0 


''/(ni-l) 


< 


“2 


n 


lr+rj/& • 


Lemma 2 „. 3 ^. 3 _, let 1 < p < «>, be L (I), and i 0 3 ^, Iben, 

XT 

for any fixed positive number ji , there holds 

llP^ (lu-t[^ lbCu>l,t)l 


^ 0 (^ 2 ) 


( 2 . 3 . 5 ) 




1 


L (Iq) n'^ '1 (I) 

pv I-' P 




where M is a constant. 


PrpjDf, Let x(u) be the characteristic function of I 
Using Jensen* s inequality 



= |/ K(n,t,a)tu-tj ^|h(u)jdap 

c 

<f K(n,t,a)j a-t| h(u)p du 

o 

1 

= / K(n,t,u.)x(u.;[u-t| ^(h(a)|-^ du 
o 

1 . 

+f K(ii,t,u)(l-x(u)}| u-t| h(u)p du 


(2.3.6) 


= J^(t)+J2Ct), say. 


It follows from Lemma 1.7.9 that 

(2.3.7) , , -2- - - ^ 

32 L„(I) 


( / 11 m , (n - ~). 

Now, by Fubini's theorem we have 

^2 n ^2 (v+l)/(iii-l) . 

/ J^(t)dt = (ni.l){ S / f , lh(u)p|u-tj^ >f 

ag v=0 ag v/(ni-l) 

X x(u) du dt } 

n (v+l)/(nfl) \ - 

= (in-l){ 2 / |h(u)px(u)/ p (t)| u.-t|^ dt du } 

v=Ov/(in-l) ag 

By mean Value tteorem, for some u^ 6 | I ^ 

the above expression becomes 

n ^2 . (v + l}/{rH'l) 

(nM){ 2 (/ Pnv('^)l%“'tl V .jh(u)p x(a)du) } 

v=0 ag v/(nfl) 

1 . 

It follows from (2.1.4) ard tie fact / * 

for any integer r > ip 


n 


that 





Therefore , 
(2.3.8) 


< 





/ J^(t)dt 


M, 


n 


2 

'^72 


< IlhllP 


L (I. 
P ■ 


Now the lerania follows from (2.3,6), (2.3.7) and (2.3.8), 

Lemma 2. 3,4 . Let 1 ^ p < <» and h G L (I) with 

P 

supp h c: Ig 3jhen 


(2.3.9) < M 1 1 hi I 

M being a constant independent of n and h. 

If, in addition, h- has 21c+2 derivatives with ij(2l5:+l) g A.C.(l2) 
and e L (Ip) , then 

(2.3.10) 1 lP^^^'^^^(ii,t)l I < I , 

the constant being independent of n and h. 


Proof. By Lemma 1.7,4 
n 


p(2^+2^(h,t) = (»!){ S { £ (t)(i-t)j} 

XIV Xi 


v=0 i ,3 


. , (v+l)/(ni-l) ^(2k+Z) 

x{f ii(u) du }} T 

v/(nfl) 


where i ,3 are non-negative integers satisfying 2i+j < 21c+2, 
First we obtain a bound for P^^^'^^\h,t) in L^(l 2 ) norm. 
Using boundedness of !ir^^^'*’^\t) on Ig and Fubini*s theorem 


we have 


“L^Clg) - ^ i ,3 v=0 v/(nfl) 

Pnv^''^^ln“'^i ^ dt)da}}. 

o 

Since supp he: Ig, it follows from Corollary 2,1,2 that 
(2.3.11) 1 j < I hj i 

llClg) Ii^Clg) 

For p = oo we obtain after applying Corollary 2.1,2 

(2.3.18) llP^®^'^®\ll,t)ll <V^ ^11*^11 s- 

Writing M = maxCl-^jM^), (2.3.9) follows from (2.3.11), (2.3.12) 
and the Riesz-lhorin interpolation theorem (lemma 1.2,3). 
lo prove (2.3.10),' for u,t e l 2 > we write 

h(u) = " .Ci*-?/ /(u-w)2>^+ih(2>^^2>Cw)aw. 

1— 0 "tr 

SO that 

Sk-fl T.^(i)/^y y 

P„(h,x)=,Z^ ■ ^P„((a-t) ,x) 

+ (Ur-w)^^'^^h^^^‘*'^ \w) dw, x). 

Since P^(.,x) maps alge^^^aic polynomials into algebraic 
polynomials of same degree, 

P^21b-2)^j^^^^ ^ ("ak+l;! (/^(ii-w)^^'*'V^^‘*'^^(w)dw, t ) 


= I2k+l)1 < J^p„,(t)(|-t 
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v/(nfl) t 


Hence by lemma 2.3*2 




\^h'> 




coi): 5 )letjLng tbe proof. 


?f oof. 2.3.1. let (x^,y^), i= 1,2,3 satisfy 


a-, < Xn < Xo < Xrr < 


2 < 82 < bg < yg < yg < y^ < b^. m choo^ a 
function g e such that supp g c ^ 

for t G [1^3>y3 3* ff3:iting fg = f, for all values of Y £ t 
we have 


(2.3.13) f(t)ll 




< l| 4 ®'®'®{f(t)-Pj^(f,k,t))|l 








How, by lemma 1.1.2 


llj 2 t +2 


^Dt^’' 2 >y 8 3 


^ ,( 2 k+ 2 ),- 


= 11 / .../Pj^'= 


2 Zj^)dz^ ... 4zfe]E^.g| I p -,' 

o - 1^1 I'jj&g.ygJ 

How by Jensen’s inequality 

2 te-z . .p 


1/ .../ 2 Zj_)az3,...dzgj^gl 

o o i=l 



bb 


y Y 




Ihus we see from iBre that repeated application of Jenin's 
ineq.uality (2k+2 times) gives 

Y Y /" 01-1 n 'S — Sin'S 

■ 2 

0 0“ i=l 


^ ^ f 'I — 2k+2 

1 / ../ S z^) dzi.-dzgj.^gl® 


< Y(2k+2)(p-l)j' jp(2fc+2)(i,k,lH-"r^2 )!» da ..azgjg,g . 

O O i=l 


Sk+2 


Also using Fubini’s theorem repeatedly we obtain 
?|/ ../ d2^..aag^^gl® dt 


Ig O 0 


i=l 


< ^(2k+S)(p-l)^ 

V Y ^S « Sk-t-S 

S»*S r \f,k,t-f_2 dt dz^,,d^^_^2 

o 0 Xo i=l 




where Xg = Xg and I 2 ~ ^2 (2k+2)Y 


Hence 
.2k+S 


IK '■“■’‘••’".r-.,..! 


< Y(S^‘^^)llP^^^'^^)(f,k,-b)|l ^ 

+ I Tj,2kn-2’^»^ l- 


P 

. ... 


\Z^*72l 



DY 


Hence Lenma 2,3.4 implies that for all sufficiently small n > 0 

^pL-3=3.y23 ’ i-pC^g.yEl] 

This, in conjunction with the estimates obtained in (1.3.2) 
and (1,3,3), gives 


(2.3.14) 




< “si+fe^ “2l!:+2^^’''’I’*1^2’5^23 

The next major step is to show that 
(2.3.15) {f(t)-P (f,k,t)}|| 

L C3^2»y2 J 


=0(n'*^^^)(n -• oo). 


Por, after having proved (2.3.15) we may combine (2.3.13), 
(2.3,14) and (2.3.15) to get 

lU?’*® f{t)lL _ _ 

i '2Ls>21:+2(^>''>P>C^2>y23n 

H ^ rj 

•-2 

Then choosing n such that n < n < .2n, we obtain 

\2]£i- 2 (ij 


1 


2k+2 “ 
y 


i(i=)iL p _, < “8k+2(^*'’>P'C%.yE3i>' 

i'pC==8>y2n 


Since this holds for all l have 
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“2k+a(^>’^ -P-CxS.yaH ) < ZMjC - l“+(i)2'«-2 “gij^.g(f,n,p,[:xg,y23 )). 

2his implies, by Lemma 1.3.7, that 

^ = 0C'“)» 0). 

Therefore, as f(t) = f(t) for t e Qx^jy^^ 

as req^uired. 

We prove (2.3,15) by induction on a. Consider first 
the case when a < 1. 


l|p„(fg,lc,t)-(fg)(t)ll 

^pLXg.ygn 

< 1 s(' 6 ),lc,t)l 1 

I'pC^ 2 >y 23 

I'pC^a.ygn 


= llg(tj{p (f,k,t)-f(t)}ll 

I'pl-Xg.ygD 


+ llPn(f( >!)(“-■<; Jg'( 5 ),k,t)l I , 

^pC^a-yaD 

for some € lying between u and t. We use Lemma 2,3.3 to obtain 
a bound for the second term. This alongwith (2.3.1) gives 


l|Pj,(fg,k,tHfsXt)rL < 

^p& 2 »yj 



This proves (2,3,15) when a < !• 



How we assu33B that for some r < 2k+l, the theorem holds for 
all values of a satisfying r-1 < a < r* We are then to show 
that the theorem also remains valid for all a satisfying 
r £ a < r+1, For this if f^^ Steklov mean of 

(2hH-2)th order corresponding to f(u), 

1 |En(fg.i:,t)-(fg)(t)|| 




\ C .yg 1 




I'nn^a’ygH 


+ llI'n(*n,2k+2('‘Xs(u)-g(t)),k,t)ll 

1 LXg.ygJ 




(2.3.16) 


a7^ +^1 + ^2'^ 


By theorem 2.2.8 and (1.3.4) of Lemma 1.3.1 


(2.3.17) 


h i 


Moreover, for some S lying between u and t, 

Jl= llPn(W“^-^>i,21a.2(“)Hu-tJg’(E),fe,t)ll^ C^g.ygn 
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1 1 le'll ,{.2 lo(3,l!:)| * 

0 ( 1 ) 3=0 


pl-2C2»y2 j 

Hence, by (1,3.3), (1,3.4) and Iiemma 2,3,3, for any positive 
number s, 


(g.3.18) < m; _) 

p' 


" ’X(I) 


We have for some c lying betvyeen u and t 
(^r,,2k+2('^^-^n ,21c+2^^^^^s(ii)-gCt)) 

"il ^Ti,2k+2^^^ '*'X2k+‘l')l tj. ^n,2k+2^ 

.•-1 il ^ (2k+l)! ^ 


= ■('2’k+l7T^ (u-t)^{/ (^-^)^^’^H^Ik+2^w)dw}} 

n 5)(a-t )2^-"l/Cu-w)2^+^^^2k+2)^^^^^y 


((2k+l)!)^ 

2k+l 2k ^i+^ 

+ E I { (a-t )^+3 } 

i=l 3=1 ' ^ ■ 


(21a-l),^ 2k+l (u_^.j21a-l+i (i) 


Therefore, 


2k „(i) 

Z " 

« (/(u-w)®^^‘®g2^(w)aw),k,t)l 1 




rif 
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((2k+l)!) 




« /(u-w)2^+V2|'g^(w)dw,k,t)l 1_ 


^ 

2k+l 2k . , . X . . X . . 

"^=1 3=1 '•^>*)ll. 


. 2k+l . . . V 

+ r^k+iji^ rril^n,4+2^^^ 


>- ( u-t )21a-l+ig(8k+l)( O ,k,t )| I 




(2«3»19^ — L jl^ + iig + Sg "i" S3y • 

By Lemma 2,3,2, for any fixed positive number 

(2.3.20) Li < Mg { i I 1^ 

n 




+ ll^n,2k+2lli, (i/ 

P 

and 

(2.3.21) j 

J1 ^ p X i 

+ 1- I lf(2k+2)j 1 
^ n" "%.2S:+2''l (I) >' 

It follows from Corollary 1.7,3 and the &ct 


2 c(f,k) dT”^ = 0, m = 1,2,, ..,k, that 
3=0 3 




} 


^ f 



M* 2k+l , . V 


^pCxg.ygn 


). 


Hence by Lema 1*2,2 
(2.3.82) Z, < -\-( 1 


3 ^ “^-lU i^^.gLal l^,2..8l 


Mq 21C+1 /.N 

O-^I, 


Using estimates (1.2*3) of Lemma 1.2.2 we have 
M 
h 


(2.3.83) 2^4 <5*1^1 11 


T P-»- -XT ^ »2k;+2H .j. p_ ir “i 

\L.^2»y2-^ ^pLx2»y2-J 


)• 


If we choose points c,d such that a^ < c < < y^ < 

d < b^, then by induction hypothesis we can assume that 


(2.3.24) 


u 


2k+2 


(f,Ti,p,[ 3 c,d 3 ) = 0 (n“"^), (n -» 0 ). 


This in^ilies by Corollary 1,3.4 that also 

(2.3,25) '**2kt-l^^*^ “ 0 (ti^ ^)j (n-*0). 


On taking a = 2k+2 and n = n*”^/^, it follows from 
(2,3.20), (2.3,21) and estimates (1.3.2) to (1,3,5) obtained 
in Lemma 1,3.1 that 


(2.3.26) Z^.Zg < >“g]g.g(f,J'"^/^,p,C:o,dn) 


+ -k+i ll^lL } 


n 


■ip(l) 


And from (2,3,22) and (2,3,23) 



(£.3.27) £3,2^ < ) 

(I)'- 

P 

Thus we see from (2.3.24), (2.3.25), (2.3.26) aM 
(2.3.27) upon taking ti = n“V2 

(2*3.28) 2^, Eg, Eg and E^ ^ "(x/2 * 

Also, taking n = n gj^ we have from (2.3.18) and 

(2.3.24) 


(2.3.29) 


j < “13 

1 - n “/2 ■ 


Finally from (2,3.16) and the estimates of J^, jg and 
J 3 obtained in (2.3.17), (2.3.19), (2.3.28) and (2.3.29) we 
conclude that 

l|P^(fg,k,t)-(fg)(t)l| ^ = 0(11-“/^), (n - 

Prom this follows (2.3.15) and hence the proof of the theorem. 
2.4 SATURATION THEOREM 

“ /A _ “A! r i #-m. 

In this section we prove that in L^~ approximation where 
1 < p < the sequence {P^(.,k,t)} is saturated with the order 

0(n~^^'*'^^) , The nature of the saturation class depends on 
whether p = 1 orp > 1, The trivial class, however, remains 
the same for all p(l < p < °°). The theorem is in a local 
set-i^ over contracting intervals. 
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Theorem 2.4.1. Let 1 < p < ~ and f e L (I). Then, in 
the following, the naplications " (i) ==> (ii) ==> (iii)»» and 

"(iv) ==> (v) ==> (vi)»‘ hold. 


(ii) f coincides a.e. with a function P on Ig having 2k+2 

derivatives such that (a) when p > 1, p(23i+l) g a. 0 .( 12 ) 
and g 1 ^( 12 ) and (b) when p = 1, pC^k) ^ a. 0 .(I 2 ) 

and g b,y.(I2)«, 

(iii) 1 lP^(f,k,t)-f(t)| I = (n - co); 

1 »i5:,t)-f(t)H = o(n“^^'^^^), (n - «,). 

(v) f coincides a.e. with a function P on Ig, where P is 
2k+2 times continuously differentiable on Ip and 

2k+2 /.V 

satisfies S Q( 3 ,k,t) P'“'^(t) = 0, where Q(j,k,t) are 
3=1 

the polynomials oc curing in (2.2, 16) j 

(vi) l|Pjj(f,t,t)-£(1;)ll = (n-«o). 

To prove the theorem we need the following lenma. 


Le mD.a_ 2.4.2_. Let l^p < hGL^(l) with supp 
h c ( 0 , 1 ). If h has 2k+l derivatives with h^^^^ e A.O.(I) and 
j^(2k+l) g ^ each g G with supp gc (0,1), 

there holds 


(8.4.1) l<E„(h,k,t)_h(t),g(t)>l < *■). { 


Lpd) 





where the constant M does not depend on h or n 


Pr^of. Ife have hy Pah ini's theorem 
1 1 1 

^n(^>'^)s(t)dt=/ / K(n,t,a)h(a)g(t)du dt 
o o o 

1 1 

= / / K(n, t,a)h(u)g(t)dt du, 
o o 

For some 5 lying between a and t, this reduces to 

/V^K(n,t,u)h(u){^E^^ + du 

o o i=0 (Ek+2)l 

2k-i-l -ill 4 / *1 \ 

= 2 {-^ f f K(n,t,u)(t-u)^h(u)g'^^(u)dt du} 

i=0 ^-0 0 

t K(n,t,u)(t-u)^^'^^h(u)g^^^'^^^(c)<it du. 

Writing hj|_(u) = h(u)g^^\u), 0 i < 2k+l, the ^ove expression 

2k+l .11 . 

= 2 TT / / K(n, t,u)(t-u)^ h.(u)dt du 

i=0 o o ^ 

+ ^Sk+Sj, /VK(n,t,u)(t-u)®'"+2h(u)g(2S:+a)(5)4^. 

2k+l ^ ^ 

(2.4.2) = ^2^ IT ^i ■*■ XSk+^;i ‘^2k+2» 

Then, 

11 1 

(2.4.3) Jq = / / K(n,t,u)hQ(u)dt du = / h^(u)du. 

o o o 

Using the fact that supp h c (0,1) and proceeding as 
in the estimate of in Lemma 2.3.3 we obtain 

I JeiH-gl i Csia;.! l^^^^nh(u)lA(n,t,u)ct-u)2^-^24t au 


M 



Next, for 1 < i ^ 2k+l, by Fubini* s theorem, we ha'VB 


1 1 


= / / K(n,t,u)h^(u)(t-a)^ du dt. 


o o 


Since ]i^(a} can be expanded as 


h.(a) = E 

3- 3=0 




+ 


( 2 k+i; 


A dw. 


hence 

J 


2k+l-i 


1 1 

= (>1)-^ E ^fS K(n,t,a)h^3)(t)(a-t/+3 dt 

i 3=0 3 . ^ ^ 1 


o o 


ill 

(2k+I-i;i { K{n,t,a)(u-t)^ 


^ du dt 


. 2k+l-i - 

(2.4.5) = (-1) E jr 2 L 1-1)1 ^i,2k+2-i» 

tl ^ 


It follows from lemma 2.3.2 that 


^ iiT.(2k+2-i) 


(2,4,6) |Si^2k+2-il - 11 


Collecting (2,4,2) to (2.4.6) we obtain 


11 


lp(I) 


2k+l 2k+l-i / - 

<P^(h,t),g(t)> = <h(t),g(t)> + .E^ ^ S.^ . 

21sf 1 / - Y 

+ ( I ^ 1 ^ ) 0 ( 

i^O ' LpCl) 
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where the 0-term does not depend on h* 
Since, for 0 <. j < 2k+l-i, 

®i ,3 = Ejj((u-t)^+3,t) at. 


we have 

<P^(h,k,t)-h(t),g(t)> 


2k+l 2k+l-i 
2 2 
i=l 3=0 


ll 3^ 


X 


'(/ hU^(t) p^((a-t}^'^3^k,t ) dt ) 


2k+l / - \ - 

P'‘ ^ 

Applying Corollary 1.7,3, Lemma 1.2,2 alongwith the fact that 
k 

2 c( 3 ,k) d'T™' = 0, m = l,2,,..,k, to the terms on the right 

3=0 3 

side of the above eapression, we obtain the ire quality 2,4,1, 


Proof ^pf Tieorem 2j,ji,l, Assume (i) of theorem 2.4.1, 
Then it follows from inverse theorem (Theorem 2.3,1) and 
Theorem 1.3,2 that for < c < d < b^, f coincides a.e, on 
[2c,d]]] with a function P posse ssii:^ an absolutely continuous 
derivative and a (2k+l)th derivative which 

belongs to L [Ic,d3* Moreover, for any integer k, there holds 

ir 

for 0 < ^ < 1 

( 2 . 4 . 7 ) ) = O(t^), (t -* 0 ). 

We choose pains of points and y]_»y 2 such that < 

2k+2 

Xg < 32 < ^2 "^'3^2 ^1 ^ ^1* <1 e support 



f u 


q c (a^,b^) and q(t) = 1 f or t e 

Define a function G by G(u) = F(a)q(u), u e I. 

xhen, 1 jk,t )— G( t ) j I 

\L^2»^22 

LpLxg.ygl 

It follows from Lemma 1.7,9 that 


I |Pjj(S-f,t)ll = 0(n'(^+lb, (n - 

and hence 

l|P„(G-f,k,t)|l ^ = 0(n-(^+lb, (n - ~). 

11^8 >^8 3 

Ihis alongwith the hypothesis that (i) holds, inplies 


(2.4.8) IIP (G,k,t)-G(t)|| _ 


I'pC^s-yzH 




Now, if p > 1, it follows by Alaoglu's theorem (see Lemma 1,2,4) 
that there exists a function H(t) e Lp C ^2 * ^2 ^ 

some subsequence {n } and for every g e with supp g c (0,1) 

o 

(2.4.9) lim n^+^ <P (G,k, t)-G(t ),g(t )> = <H(t),g(t». 

n^ -* oo 3 

When p = 1, the functions i^jj(x) defined by 

(2.4.10) >^(x) = n^'^^ {P^(G,i:,t)-G(t)} dt 

^2 



(2 •4, 8) uniforinly bounded and are ox uniformly bounded 
■variation. Making use of Alaoglu’s theorem (Lemm.a 1,2,4), it 
follows that there exists a function 4 >q(x) of bounded -variation 
over C^2’^23 such that for some sub seq.ue nee {n. > and for 
every g e 0^ with supp g c (xgjyg) 

^2 

(2.4,11) / g(t)d(^^_(t)-4>o(t)) - 0, (n -> -). 

^2 0 

^2 

Now, / g(t)d(<{)^_(t)-.<jQ(t)) 

Xg 3 

yg yg 

= / g(t)d* (t)-J g(t)d$ (t). 

^2 3 ^2 

It follows from (2.4.10), Theorem 17,17 of Czo2 and the fact 
that supp g c ( 2 : 2 »y 2 ) "^^at 

^2 

J g(t)d((|, (t)-A (t)) 

^2 3 

^2 ^2 

= n^"^^ / g(t) {P (G,k,t)-G(t)> dt + / g' (■t)<l'o(t)dt. 

^ Xg 0 Xg ° 

This together with (2,4,11) implies tnat 


(2.4.12) lim nf^ <P (G,lc, t)-G(t),g(t )> = -<<!>Q(t),g (t)>. 
n. -* oo - i 

3 • 

As the Steklov means ^ have continuous derivatives 

of order up to 2k+2, using (2.4,7) for i = 0,1, . ,2k+l, there 
holds 

(2.4.33) 

.P 


- 0, (n - 0) 
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By theorem 2.2.8 


(2.4.14) 

” n^+1 ^2l£+2^^^^n,2l5:+2^’*^^ '*■ 

ani the o-term laay possibly depend on ti • 

Hence, if B2k+2^^^ denotes the differential operator adjoint to 
^2k+2^^^» (2*4.14) 


^^ri,2k-f2^''^^»^2k+2^^^^^‘^^> = ^2k+2^^^^n,2k+2^‘^^»s(t)> 


,k+l 


n^^co ^d ^n.^^n,2k+2»^»'^^"^n,2k+2^'*^^»s('fc)> 


d 

4- Tim 

n d <Pn (G,k,t)-G(t),g(t)>. 

3 d 


<^n,2k+2^’^^» P2ic4.2p)g(‘*^)> 


- lim <P (G,k,t)-G(t),g(t)> 


n. -» oo 3 


i™ n, <f„.(G„,2ia,2-a,k,t)-(S„^gj^^g(t)-<}(t),g(t)>, 


Hence, by lemma 2.4,2 
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lim <P (G,k,-fc)-G(t),g(t)> 

' n -♦ CO ^ 

3 

C8.4.15) < 1,1 +1 i^ i ■ 

Taking limit as n — 0 in (2.4.15) and using (2.4,13) we obtain 


(2,4.16) <G(t),P 2 ;^^ 3 (D)g(t)> = lam n^^^<P (G,k,t)--G(t),g(t)>, 

n . -* CO J ^4 

3 


Comparing (2.4.16) with (2.4.9) ani (2.4.12) we have 


(2.4.17) <G(t),P^j^^2(D)g(t)> ={ 


<H(t),g(t)>, if p > 1, 


“<<^o(t),g*(t)>,if p = 1. 


Using integration by parts it easily follows that 


(2.4.18) <G(t)^*3^^2(D)g(t)> 


21c+2 

= <Q(2k+2,k,t)G(t) + 2 I.(b.G)(t),g^^^'^^\t)>, 

i=l ^ ^ 

where b^(1;)are certain polynomials in t and denotes the ith 
iterated indefinite integral cperator, namely 

t t 

I^C'fc) = / ../ (.) dt,,.dt, 

^00 

S imilar ly 

(2.4.19) <H(t),g(t)> = <l2j^^2(H)(t),g^^^+^^(t)>. 


When p > 1, from (2.4.18) and (2.4,19) we have 
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1 2l£+2 

(2.4.20) / { Q(2k+2,k,t)G(t) + I ^ t) -l 2 ^^ 2 (H)(t )> * 

X = 0. 

It follows from Theorem 2.2.8 and Lemma 1 . 7.1 that 

Q( 2 k+ 2 ,k,t) = Cj^(t(l-t))^'^^, where is a nonzero constant. 

This implies by Lemma 1.1.1 and the assumed smoothness 
hypothesis for f (stated, in the beginning of this proof) 
that e A.C, i:xg,y 23 and g(21^+2) ^ . 

Since G(u) = I'(u) for u e Z:s:^fy^2 i have F^Sk+l) ^ 

and i'( 2 k+ 2 ) g Lp(l 2 ), 

When p = 1, proceeding similarly, we obtain G B,V.(l 2 ). 

This con^letes the proof of the iuplication ” (i) ==> (ii)". 

The implication ” (ii) ==> (iii)" follows from Theorem 2.2.1 
and 2.2,4, respectively for the cases p > 1 and p = 1. 

Assuming (iv) and proceeding as in the proof of the implication 
“(i) ==> (ii)”, we first find that H(t) and 41 (t) are zero 
functions. This does imply that P is 2 k 4-2 times continuously 
differentiable function and that ® 2 k+ 2 t®^ 

finally ”(v) ==> (vi)” holds by Theorem 2.2,8. 


This conpletes the proof. 



GHAP2ER III 

_ _ » r k . — m i - 

Of 3ERITSEF/IN^AIK)R0YITCH POlIMOMIilS 

» ^ ^ ^ r “ ^ *ijni M-^v K .fi ». _ . .Vi» m ■ w «v «r i * i ■nr i ■ 

In Chapter II yrs shovsed that the linear combinations 
of Bernste in-Kantorovitch polynomials furnish an improved order 
of approximation in L^-nonp , Also to proved a related inverse 
and saturation theorems* In this chapter to show that operators 
f . >t) (defined in Section 6, Chapter I) may also be used to 
obtain a better order of approximation in Ii -norm (1 < p < oo)* 
Next, we obtain corresponding inverse ani saturation theorems. 

She proofs of these theorems make use of some estimates obtained 
in Chapter II, In Section 1 we establish the basic convergent 
of the sequence of Operators (P (,,t)} in L -norm (1 £ p < ~)# 
In Section 2 we obtain bounds for the error in L^-approximation 
by P («,t) in terms of norms of derivatives of function and 
also in terms of (iiH-l)th modulus of smoothness of the function. 
In Section 3 we prove the inverse theorem and in Section 4 
ti^ Buler-Ifeclaurin sum formula, with a remainder term is used 
to prove the saturation theorem, 

3 , 1 BASIC APPROXIMATION 

K- «art n m x v f _ T ▼ 

In this, section to first obtain a formula which eapresTOs 
moments of the operators ^ terms o£ more familiar 

moments of the Bernstein polynomials. After this we show that 
the sequence { jj^(.,t)> is -bounded. Next to prove that 
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the sequence ^ • r’t ) ) approximates continuous functions* 

Thisy together with the L^— boundedness of the sequence 

^ ^ that it is an L -approximating sequence* 

Jbr 

Leinma 5.1*1, Let k e 2^, IlBn 
(1) If k < m, = 0, t 6 I; 

where a^’s are certain positive numbers? 

( iii ) If k > mu'!, 

Ijr . -| "K 

where bj,*s are certain constants and' p(t) = t{l-t). 
Proof. By (1.6,1) we have 


(3.1.1) 


I’v, J-fe) = 


1 m ^3/2 3-1 - . V 

/K(n,t,u){ 2 ^ (t-u- - Yy^))(i^(u-t) )> du, 

o 3=0 3 - i=o n-^/^ 

3-1 i 

where n (t-u--:r“/^) for 3 = 0 is interpreted as 1 and 


A(u-t)^ = (A(x-t)^) (u) 


(u + * v/p — t) — (u— t) 


Por any choice of points t^^, i = 0,l,,,,,m, with 
6 = tj^^-t^, frcaa (1,1.4) we have 



.El 


m 


t 1-1 . ),ls: = iw-l, 

(3.1.2) Z {1“ ^. ^ jj I 1=0 

3=0 016^ 1=0 ^ 

0 jfc < m+1. 

Putting t^ = u-t, 6 = n In (3.1,2) and tald.ng Into account 
the fact that 

*6 *0 = ('^6 = ( s ^_ i /2 ( u - t ) 

= = (4(x-t)^)^(u), 

we obtain 

m j/2 3-1 

(3.1.3) Z { H ( n (t-u - J/t>))(A3(u-t)^) } 

3=0 3- i_o 


(-1)^ ( n (u — t + ^ 


= { 


m 

n 

1=0 
0 


n 


, k < nH-l. 


Ifence (1) follows from (3,1.1) and (3.1.3) 
(11) We have from (3,1,1) and (3.1,3) 


ni 


= (-!)“ <2 ^/^n^(w-t)^^’^,t)} . 

r=0 ^ 

This, alongwlth Lemma l.V.P^conpletes tte proof. 

(Ill) Plnally, let k > m+l. have the expansion 

1 ^1: e (u-t)^3-r 


for certain constants c^*s. And 
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3-1 


= 2 


n (t-u - iyv-) 
i=0 


3-^-1 

3-1 '^r 


r,7S- 


> say. 


n 


where d^’s are certain constants, Then 
m 3/2 3-1 

2 { ( H A3(a-t)^} 

3=0 3- nV2 

3-r 


1 / \^3-^2 

^ - (u^t) 


^3/2 3-1 to-j 


m 

= 3=o' "i'- ■ yi/2 ■ ' ^^r!=0 _"’( j«27/8 - > » 


n 


n 


1&-1 b' 


= -ryg 

r=0 n 

where b^*s are certain constants. Hence, from (3,1.1) and 
Lemma 1.7,2 we obtain 

2^^ 1 b ^ 


couple ting the proof of the lemma. 


'iW+2 


Corollary 3,1,2, Following holds for t 6 I, 
(3.1.4) Ejj_J(u-t)“'*'^,'l;)= (-1)“ 


where Pjjj^i(t ) is a polynomial in t of degree < nH-l and 
p^l(t) > 0 for t e 1° (interior of I), The o-term holds 
uniformly with reject to t 6 I, 

proof, ^ (il) LeEsna 3,1,1 







m-r+S 


(3.1.5) 


= (-!)“ |2}. 


where 2 and Z denote the summations for which m-rt3 is odd 

X 

and even, respectively. 

When m~r+3 is odd integer, by Lemma 1.7.1, 

B^j_((u-t )’^"^'*'^,t) is a pol 3 niomial in (n^l) of 
degree - - g - and in t of degree < m-r+3-, Ifence 


' ^^In-r+3 _ n/- 1 'i /'r^ 

»^) = OC rm.A Y/5)» (n - 


‘^(1^4 )/S 

Shis implies by (3.1,5) that 

(3.1.6) (-1)“ (sp = (n - ~). 


Again by Lemma 1,7.1 if m-r+3 is even integer we have 

2lm:.r+3)/2 


15 Un +\m-r+3 _ (p(t))^“^'*'^^/^ (m-r+3 )1 1 

B^l((a-t) - (P-r+sy, *. 


+ 


where the o-term holds uniformly in t el. 

Ihis xn^lies, by (3.1.5) ani taking into account positivity of 
a^ * s , that 

(3.1.7) (-1)“ (IP = (-If P»pt)n-<*^V2 


(n - o°). 



Hence the proof follows from (3,1.5), (3,1,6) and (3.1,7), 


T or em 3,1,3. Let 1 < p < “ and f e 1^(1), Then, for 
a fixed positive number £ , there holds for sufficiently large 
values of n 

(3.1.8) +n-*llfll_ 


w 


li (I) 


M being a constant, 

proof. We have Up 

1 HI 3/2 . • 

= 11/ K(n,t,u) { 2 ( n (t-u- 5;/>2 ))a 3 f(u)}du|| 

‘p 3=0 3* i=o n-"/^ 


3-1 


(where n ('fe-u-- ' v/c.0 for 3 = 0 is to be interpreted as 1) 
i=0 

< 2 ?'^{^ll/Vn,t,u)(^n\t-.u--^jv^))A3 f(ii)dull 

— j_Q 3* o i=0 n ' 


m .^d/2 

=lo’lT IlL 


3=0 ’ LpUg) 


f say. 


We choose numbers a* and b* satisfying a^ < a* < 82 < 

b < b* < b,. Writing (t-u-- ty^) in terms of powers of 
2 1 i=0 n / 

(t— u) we see from (3,1.9) that a typical term 1^ Jj can be 
written as 

‘ / K(n,t,u)(t-u)^’^ f(u)du = ^^^(t), say, 

rf/- o 

where l3_(t) = 2^(tj3,r), e is a constant and 0 < r < 3-I. 





Using LGBiBia 2*3 .3 we obtiain an L —bound for 1^(1;) 

p I' 

M. . . 


+ \ . . >. 


Hence for large values of n 


lp(l) 


1. 




< Mg 


{ 


;3/2 


L (IJ 

p' 1' 






ipd) 


The theorem follows from above estimate of 2 )^(tj 3 ,r) and (3.1.9). 
The ore m_ 3.1.4:, Let f(t) be continuous on I, Ihen 


(3.1.10) Ijm P Jf,t) = f(t) 

holds uniformly on I^. 

proof. Since P^(l,t) = 1, we have 
1 

P (f,t)-f(t) = / K(n,t,u)(f(u)-f(t))du 
iijia o 

m „;i/2 1 j-1 ^ ^ 

+ L { / K(n,t,u)( II (t-u- . ,^))A3f(u)du> 

3=1 35 p i=0 

^ n^A 

(3.1.11) = Jn '*■ ^ “li 3-., say, 

j=l J‘ 3 

Now f e C(I) implies that, given an arbitrary e > 0, there 
exists a 6 > 0 such that 

(3.1.12) lf(x)-f(y)| < e , whenever |x-y| C 6. 



Us 13:^ (3*1*12) and (1*7*5) ii; is 8asily lilialJ 

\^o\ S. ^ lulled ) ^ ^ S K(n,t,u)(a-t du 

lu-tj>6 

M. 

(3.1.13) < 6 + “ , say. 

IJow, a typical term in J . is of the type 

u 

1 ^ ^ 

S K(21,t,u)(t-u)3"^ f(ll) du, 
n / o 

where 0 < r < j-1 and c = c( 3 ,r) is a scalar. 

- 1 ... 

Ihis caJi be written as / K(n,t,u)(t-u)^“^(A^f (u.)-A^f (t))da 

n / o 

(because a^ ^(t) = 0, as a acts on the u-part only) 

= - { 2 (^)C-1)^"®{/ K;(n,t,u)(t-u)3-^(f(u+-fy2)-f(t))du}} 

n s=0 ^ o n-**/^ 

(3.1.14) = { 2 (3)(.i)^® 2^ } say. 

n^/^ s=0 ® ® 

We estimate the term 2 separately. We break: the integration 

s 

w.r.t. u into two parts corresponding to 5. Using (3.1. IE) and 
then Oorollary (1,7.6) 

l^gl </ E(n,t,u)|t^u|^"^lf(u+-|^^-) - du 

+ J K(n,t,u)lt-u|^*^lf(u+-®^^-) - f(t)) du 

I U-t + • ®yg j > ^6 

< e / K(n,t ,u)| ult j du 

, ■ 'O' . , 

+ 2 1 1 f 1 1 6"^/^E(n,t ,tt)l u-t 1 3*"^! a-t+ ^ du 

0(1) o n 
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r 

< Mg { e n 



fri-2 

(3.1.15) < M^(e n ^ + n ^ ). 

Collecting (3,1.13), (3.1,14) ani (3,1,15) we see that 
for each 3 

(3.1.16) J 3 I 1 + |) . 

Ihe estimates (3,1,16) and the arbitrariness of S prove (3.1.10). 
Oproll^y 3_.1_.5, Let f (t ) be continuous on I, Then 

(3.1.17) lim P„ uniformly on I. 

n - 00 

Proof, Vjfe extend f beyond 1 : 0,13 such that the 
extended function is continuous throughout H. This is done 
by defining function f(x) as follows. 

f(x) = f(x), X e I, 

f(x) = f(l), X > 1. 

Then proceeding as in the proof of Theorem 3,1,4 we obtain 

(3.1.17) . 

Coro 11^/, 3^1.6. Let 1 < p < ~ and f e Ihen 

there holds 

(3.1.18) iif(t)-p {f,t)|r = 0 ( 1 ), (ji-»). 

The proof follows from Theorei^3.1,3 and 3, 1,4. 




3.2 


EEROR ESTBiATES AKD A DIRECT THEOREBfl 


In this section we obtain bounds for error in 1 - 

ir 

approximation by the sequence of operators f . ,t) } and 

prove a Vor onovskaja type asyrrptotic formula. The bounds are 
given in terms of L -norm, of derivatives of the function and 
also in terms of (iiH-l)th integral modulus of smoothness of the 
function. 


Theorem 3,2.1. let 1 < p < « and f e ^ 

m+1 derivatives on I^ with f^°^^ e A.C. (I^) and G 1^(1^), 

then for any fixed positive number £ and sufficiently large 
values of n 


(3.2.1) 1 |Pj, Jf,t)-l(t)|l 




< »■ < yi«-i')7^ )+ I, (I) 

o' 1 P 


} » 


where ¥I is a certain constant. 

Proof. Por t e Ig and u e I^ vse, can write 

(3.2.2) f(u) = ^ /'*(u-w)'»f("^)(w) aw. 

We choose numbers a* and b* such that a^ < a < ag < 
b < b* < b , Let x(u) be the characteristic function of 

Siting P(t,u) = f(ii) 

wtere for 3 = 0 is to be Interpreted as 1. 

1=0 n-^' 

life have 





= f K(n,t,u)(F(t,u}-f(t)) du 

’ 0 

1 

= / x(ii)2(ii>'fc,u)(F(t,u)-f(t)) du 


+ I (l‘'X(u))E(n,t,u}(S’(t,u)-f(t )) du 
0 


(3.2*3) — J^(t) + J 2 (‘t), say. 

We first obtain a bound for 
we have for t e Ig 

x(u)(l'(t,u)-f(t)) = 




• TJs ing (3 .2.2) 


m N m 3/2 3-I . - 

X(U){ 2 n 

j=0 31 i_o 


r=0 


+x(u)|t-{ E P^(‘Vn^t-u--J/^0)A^(/^(u-w)“^f^“^^\w)dw)} . 
3=0 3 - i=o nV^ t 

In view of (3*1.3) the above expression reduces to 

i 

x(u)(i'(t,u)-f(t )) 

= 1- x(a){ Z — .{'(^n (t-u--'}/^))A^(/ (u-w)“f^™'^\w)dw)} 
i=0 i=0 n / t 


Hence 


1 n3/2 D-1 i X s 

« A^(/'^(u-w)”i^“'^\w)aw) ) du. 
t 

Ejpaaiiiig i^hCu) as + -|^) asd product 

^ (t-u-‘ l^/ft ) as a finite sum in powers of (t-u), a typicai 

i=0 n^^ . 



component of J^(t) is of tbe type 

u + ® 

o/%(u)K(n,t,u)n(3-^V2(t.u)3-^/ du 

0 t n ' 


where 2!2('t) = ^ ® c is a scalar and 3»^>s G satisfy 

0<3<m, 0<r< 3-I, 0 < s < j. Ihis can he written as 

o { Z (“)s“-^ jj(3+fc-m-r)/2 / K(n,t,u)(t-u) 3 -'' . 

k =0 ^ o 

X { /^(a-w)^^“^^\w)dw + / (a-w)^^“^^\w)dw } du > 

t u 

(3.2.4) = c { 2 (J) ^22^’*'^^^* 

te=0 

It follows from the estimate of in Pro position 2.2,2 


that 


M, 




( 3 . 2 . 6 ) , < „TWi)/£ n* 

p ^ 

Is obtained as follows. We 


A bound for 1 1 1221 K (y \ 


have 

iTgg(t)l = 

j/ x(u)K(n,t,u)n 
0 






u 


u+ - y/e \ 

< s*Si(3-”^V2/x(a)K(n.t,u)lt-ul3-^V “ |f("l>(w)ldw)au . 



Apply Jensen* s ineq^uality "bwice to obtain 

( sV V2 J p t ,u) I t-uj ( 3-^ ^ 


u+ - f yp 

X { f n / |f(nH-l) 


u 


(w)|dw)P da 


< V2)P f x(u)E(n,t,u)[t-a| f yp)^“^ 

0 n 


a + 


(3.2.6) 




X/ ^ ' |f^"^i^(w)|Pdw du 

u 


Using PaUini’s theorem (to interchange integrals in a and 
t) and then applying Proposition 2,1,1 and Lemma 1.7*5 in the 
next step we obtain a bound for the following : 


s 


/ /K(n,t,u)x(u)|t-ul(3-^^®(/ aw) du dt 

a^ 


o 


u 


1 \ 


u+ 


;i7^. 


= / / K(n,t,a)x(u)lt-ul^3-r)p n ' |£(iiH-l)(^y|P 

0 ag 


u 


n -L. ^ 


= /^(u)(/K(n,t,u)lt-al^3-^)P dt)(/ ^ dw)da 

o ag 


u 


-r.-%r:r^ s' xWiS ^ ^ dw) 


< 


da. 


— 21 ^ 0“^ )p7^ 0 a , 

Let x^(w} denote the chaiecteristic fuiK^tion of the interval 
r a,u+ . Ihen, making use of Pubini’s theorem the above 

V nV^ 


expression is 




,, , s 

1 ^ ^ 1 / 2 

J x(u)(/ ^ X^(w) dw) du 

o u 


b*+ ® 


(r-j)p/2 /x{u)(/ “^^^|f‘"^^(w)ll’x^(w)aw)iu 


“2 “ 


l)*+ ® 


= “2 


„(r-3)p/2 / “^''^lf(®-l\w)iP(/x(u)x^(w)au) dw 


a 

+ 1/2 


= llo n^^“3)p/2 f { /^ g du}dw 

' ^ a* 1/S 

i£.-^,)p-l p 

^“2"“ i'pCaM>*+-j7g-3 

Ihis iinplies by (3.2.6) that for large values of r 
(3.2.7) 

Thus it follows from (3,2.4), (3.2.5) ai3d (3.2,7) tha 






^ , , „(m:l-l)l i 

and hence | ^ < "(W-D/S ' ‘ 


KO-2^ ^ 


P 


It remains to obtain an estimate of Jg, Por this we write 

,(t) = /(i-x(u))E(u,t,uWt.u>iu.f(t)/\l-x(u))K(n.t,u)au 




(3.2.8) 


9V 


The presence of the factor (l-x(u}) inplies, hy Corollary 1,7,7 , 
that for all ‘^6 12 



K(n,t,u)(l-x(u)) du < 



f 


and hence 


(3.2.9) 11^22! 




<--llf|l 


A general conponent function of 


2 , 

c / (l-x(a))K(n,t,u} n^ ^ 
0 


say, 


where T(t) = T(t53,r,s), 0 < r < j-l, 0<s<3, andcisa 
scalar (when 3 = 0 , r= 0 }. 

It follows from Lemma 2.3.3 that also 


Ml 

, It lif 


1 (1) 


and hence 


(3.2.10) 
Finally, we 


M. 


Jpil 1 < -7 l|fl , 

p 


obtain from (3,2,8), (3.2,9) and (3.2.10) 



M* 

< — li^li 

“ “ “l (I) 




« 


Xhe “tiiGoreni now foXLows from (3*2«5) and ”biB os’fcima'tes of 
and Jg. 
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2j2£2Llarj_ 3_j2^. Let 1 < p < ~ ajod f e L (I). If f Las 

P 

m+1 derivatives with e A.C.(I) aM e Lp(l)» "tiien 

(3.2.11) jjP (f,t)-.f(t)|| < M |f(mfl)|j 

LpCD" Lp(l) 

where M is a constant. 

Pro of . We proceed as in tte proof of theorem 3.2,1 with 
the characteristic function of Qa*,b*3 .J^eplaced hy the 
characteristic function of I. lo obtain a bound for !E2^(t) 
we utilise the second assertion of Proposition 2.2.2. 

Theorem ^2.3, Let fGL^(I), iff has m derivatives 
over the set I^ withf^’^”^^ G A.G,(I^) and f^’^^ G B.V.(I^) then 
for any fixed positive number a and sufficiently large values 
of n 


(3.2.12) ||Pn „(l.t)-f(t)|| , 

Li(i2; 




B.V.(I^} n^ 


L^(I) 


wher^ M is a certain constant. 

Proof. With the stated assumptions onf, it follows 
from Theorem 14.1 of Saks C6i3 that for all u G I^^ urd 
almost all t G !£ 

(3.2.13) f(u) = 



99 


With x(a) as the characteristic function of (where 


a jh are as before) we have 


^n , i K(n,t,u)x(u)(S(t,a)-f(t); du 


+ S K(njt,u)(l-x(aJ)(P(t,u)-f(t )) da 
0 


(3.2.14) 


= J^(t) + !J 2 (t), say. 


iProm (3.2.14), (3.2.13) and (i) of Iiemma 3.1,1 it follows 
that for almost all t e !£» 

m j^3/2 3-1 

/ -IT 

i 

3= 

a 


-1 1 3/2 3—1 

Jl(t)=^/ X(u)K(n,t,u){ 2 %- ( n (t-u- |.^)) 

o i=0 3- n^^ 


X {a 3(/ (u-vy)^ df ^^\w) )})da, 
t 


(3.2.15) 

A typical component of J^(t) after expanding can be written 


as 

c 


u-h - 


j x(u)K(n,t,u)(t-u}3““^(/ ^ ^ (a+ f /p - w)^df ^^^(w))da 

t 


0 


n 


1/2 


“ 1^2 ( t ) , say , 

where l!3(t) = !Eg(t5 3,r , s), 0<3<m, 0 <r< j-l, 

0 < s < 3 and c is a scalar. 

This is re-written as 

T„(t) = c I (“)s“"^{/K(n,t,u)x(a) (t-u)3~^ ^ 

te=0 ^ o 

U.+ “f/^ / \ 

X { /(a-w)^df^“\w) + / “ (u-w)^ df^“^(w)}du} 

: -t : u 
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m 

(3,2.16) = c{ 2 (^) + 222(t))}say. 


b=0 

By Proposition 2.2,5 


M. 


(3.2.17) ll!I}„.(t)N < 

To obtain a -bound for Tg 2 (t), \ive proceed as in tie 
proof of the estimate of T 22 (t) of Theorem 3.2,1. Thus for 
large Values of n 


M 


(ip 


It follows from (3.2.15) to (3.2,18) that 



<-“2 


1 

B.V.(I^) 


Also, as in the proof of Theorem 3,2.1, for any fixed positive 
number a we get 



“s 


ipig) 




1^1 


1 ^( 1 )’ 


for all n sufficiently large. These estimates of and Jg 
and the fact that removing a set of measure 2 ero does not affect 
the I^-norm conplete the proof. 


Gproll^y, 3.^2,4. Let f G Ljj^(l). If f has m derivatives 
over I with e A.G.(I) and f^’^^ G B,V.(I), then there holds 

(3.2.19) < ;^C-*T)72 I1"^“^11b.V.(I)’ 

where M is a constant. 
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To prove (3»2,l9}j we use the secorKi assortion of 
Proposition 2,2.5 and proceed as in the proof of the above 
theorem. 


bet 1 £ p < 0 ° and f G L (I). The n^ for 
sufficiently large values of n^ 


(3.8.20) Up (f,t)-f(t)ll 

\Ug) 

< M { »^3_{f,n-V2,p,l^) + |f 1 1^ 

where M is a constant. 


ipd) 


Proof, Y/ith a*,b* as before, we have, for all sufficiently 
small values of n 


1 l^n,m^^n,iiH-l»'^^“'^Ti,mfl^'^^l (i^ ^ 


By Theorem 3,1.3, talcing l = (mrhl)/2 


(3.2.21) 1 [Ia*,b*3 

Prom Theorems 3.2,1, 3,2.3 and the fact 

^ ^ = 1 L ^ ,- 

Ji.||_a»b3 B,¥,[__a,b3 
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it follows that 


(3.2.82) 






lpCa»,0 


(I)^’ 


Thus (3.2.21) aM (3.2,22) in^ly that 


This, in conjunction with the estimates (1.3.2), (1.3.3) and 
(1.3,4), implies that for n = n~^/^ and for sufficiently large 
Values of n 


+ n 


Theorem 3,2.6^. let f e o“^^(I ), Then 

, fV“^^^(t) 


-(iiH-l)/2 


(X)’ 


(3.2.23) P^^^(f,t)-.f(t) = - 




(nH-l)! 


>(sH-l)> 


+ o(- 


n 


'('imhl)/fe 


), (n - 


and 


(3.2.24) Pi,,^i(f.t)-X(t) = (n--), 
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uniformly in t s I, where is as defined in 

0 or oilary 3,1.E. 


l£oof . Por some 5 lying between u aM t where u,t G I, 


Operating .by ) on both sides of the above equation, 

it follows from (i) of Lemma 3.1.1 and Corollary 3.1.2 that 

(-1) «(irH-l)/+N 


(3.2.25) 




therefore, to conplete the proof of (3.2.23) it remains to 
show that 

( S .2 .86 ) ( u-t f ( \ 5 )-f ^ \ t ) ),t ; 



X 


^ m j/2 1 -i^l 

(3.2.87) = Z { J'K(n,t,u)C n (t-u-.i,_)) 

3=0 '’■ 0 i=0 

X A3((u.t)>«-l(l(>»l)(0-f(»l>(t)))au} . 

A typical component, of above to be estimated is 

0 )-f )) du 

o ® 

= l(t), say, 

where 0~1> ^ ^ c is a constant, and 

Cg lies between iw-sn’"^/^ and t, (0_< s < j)* 

As e C(I), for any e > 0 there exists a 6 > 0 

such tnat 

jf (’^l)(x)-f (“^l)(y)| < e, whenever jx-yj < 6. 

This in^lies that 

^ e|u_t|D-Wk 

nV^'' • 

llB above inequality, in conjunction witli Corollary 1.7,7, gives 

li(-t)l < Vy»i7/2 ■" p’ra-S)7s^- 

Prom (3,2.27) since e > 0 is arbitrary, we ^e that 
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con^leting the proof of (3,2.26). 




Since Lemma 3.1.1 implies that (u-t)“^^,t) = 0, 

proceeding as in the proof of (3.2.23) we obtain (3.2.24). 

3 .3 Iir^R SE THEOREM 


Theorem 3,2.5 of the last section is a direct estimate 
for the Operators {P }, Ifere in Theorem 3,3.1 we prove a 

IJL^ XIL 

corresponding local inverse theorem over contracting intervals. 
The proof of the theorem is preceded by two lemmas which are 
needed in the main proof. 


T before m 3. 3.1. let 0<a<nW'l, l_<p<“ and f q 1^(1), 

Then 

(3.3.1) 1 1 = 0(n"“/^), (n - oo), 

1 (I ) 

P 1 

inplies that 

(3.5.2) = 0(t“), (t-0). 


lemmas .3 .2 . let j,k,s 63H°> 1<P <“aDa he lp(I). 

Then for a f ioced positive number £ and all sufficiently large 

% 

values of n 


n 


(v+l)/(nfl) 


(3.3.3) 


, 1 Ic 

U-t| X 




^ jh(w)|dw|du}>| j 




< lim +»'Mll‘|l }, 

1 di) ip(i) 
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where M is a certain constant. 
Proof • We have 


n 






s 


u+ 

^ 1/ ^ |h(w^dw[du}}jl 




v/(nfl} 


v=0 


u 

X [/ I h(w)jdwjdu}}| 

V=0 V/(1M-1) 

s 


1/S 

^ f ^ jh(w)|dw du>^ j 


u 




( 3 • 3 , 4) — J^+Jgj say . 


The e stimate 

J <M {n-(3+^-^^V2||m +n-‘jlhl| J, 

follows from Lemma 2»3,2, 

To obtain a bound for Jg we proceed as follows. 
Making repeated use of Jeni^n’s i 2 Kq.uality 





\ n 
jP = / ' { I p 




2 '‘^ ‘ V (^ l ) 


^ if ^ l]i(w)|dw>du»P dt 


u 


l3o 
n 2 


< S { / 


v=0 


ag 


‘ k ,..,^ CwDlu-tl 


)/(llfl) 


n 


< s' { / p 
v=0 


a + 

X { / ^ lli(w)ldw}du}P dt} 
a 

‘ v/(rH-l) 




s 


X { S 
U 


1/2 


|h(w)|dw}P du dt } 


n ^2 


V . in >+l)/C»*-l) 

< s f / p„v(^=>ih-*i y, 


v=0 




3 P f' C |yg)P"^« 

v/(lH-l) 


n 


a + 


, 1/2 


»{/ lh(w)|^ 'iw}au at 


u 


Let x(u) be tiie characteristic function of Ca*,b " 2 , where 

a, < a* < ag < bg < b* < b^, 

n ^2 

Iten J| < (»-l)Ci/fe)®"^ {. ^ 


n' 




u + 


, ,>'"l^/^^l)x(a)iu.tl^{/ lKw}p dw}da + 
v /( nl ^ l ) 

s 


(v+D/Cih-i)^ 


U4 - 


. r lh(w)pdw>dtt}dt}} 


X06 


Let 6 = min (a 2 -a ,b*-b 2 ). -Then, by Corollary 1.7.7 

2^p 


2 1 
2 


niVi 2 1 

Jgg < -Tp-iy/slIMP, I K(ll,t,u)lu,tl2‘^ du dt 

21 ' ao 0 


(3.3.6) < m' llhllS (n"'*P.n). 

" ^ Ipd) 

Using Eubini’s theorem to interchange integrals 

in u and 't for we obtain 


'21 


= (n+l)(-f { 2 { / ^■"^‘^|h(w)|^X 




1 / 2 - 


V =0 v/(,33^l) 


u 


X (/ Pn„(t) 1 h - «) dwdu}). 




We first obtain a bound for / Py, " "^1 [t-uj^ dt, where 


®2 


e [I 


V 4 “ 1 


I » n+l- 


MMf iMW 

_j n L — i • 


Proceeding as in the proof of Proposition 2.1.1 vie obtain 


/ Pnv(*^ls - ^1“ 


“2 

1 ■ 


Let x^^(w) be the characteristic function of the interval 


C u, u + * 

Mg • 

^21 


Then 


n (v+l}/(nfl} 

2 / . 

V =0 v/(zH-l) 


a+ 


x(u)(/ 

u 


s 

"1/2 

^ |h(w)|^dw) da> 
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m; 


U.+ 


3 

nVi! 


i'i+k+ijg-l ><(“)(/ “ Xjj(w)|h(w)p dw) du 


n 


M? 1 

- 'iitW}p-l i x^(w)lh(w)l£' dw) du . 

Pubxm’s ■felMorem to tbe expression on the right 

we have 

mI 1 

- ’'D+>+l}k-5: {* ^ |Kw)l^ (/ Xj^(w) dm) dw 

n o 

Mp ;i/^ w 

= '"n+’&lTpn lh(w)p (/ du) dw 


n 


(3.3.7) 


n 




The lemma follows from (3.3.4), the estimate of and the 
ine (^ualitxo s (3.3.5J to (3.3.7). 

Lemma S.3.3, Let 1 < p < <» and h e L (I) where 

It 

supp h c: Ze.,^2, 0 < a < h < 1. Then 


(3.3.8) 


ipCa.b^ 


If, in addition, h has bh-I derivatives on [Ia,b3 with 
h^“^kg [; a,b3 and L Ca,fell , then 


(3.3.9) 


lpCa.i >3 
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where M, are constants independent of n h. 
Proof. First we prove (3.3.8). ife have 


p(iiH-l)/, . s _ /HH-lx 

^n,ia ( k > " 


/ K^^^^\n,t,u}( S (t-u--}-/i 3 )) h(u})^^^ da 


2=^ 


i=0 


nl/2' 


m+1 . 

kSo K^™'^“^\n,t,u) {nV2A^ii(u)+ E A^ ]a(u) x 


3=k+l 


3-1 

S 


jj ( -Uu - 1^2 ) } > du } 


. 3-1 3-1 

x{P E ...... 

il=0 i2=0 . 

(igT^il) 

In view of Lemma 1.7.4 a typical conponent of P^^^\h,t) can 

33.^ HI 

be written as 


c(n+l){ E n ^ { E “ 

1^,3^ H^l v=0 “ 

X (t-u)^^ h(a) da }}l~^^^“^^ 

v/(rH-l) 

= say, 

where c is a scalar and 2 i^+ 3 ^ < iw-l-k, 

0 < rg <r 3 -k, k < r^ < 2 :^, k < < m, r^-r^ = k, and 

are as in Lemma 1.7.4. Since are bounded on |la,b3. 


n 


3 ^ r^/2 


we have vi?ith 0 = i-^^+j^ 


Ill 


^ifOl V — U 

(v+i)/(iH-l) r„ r„ 

X (itt-l) f ^P^ii(u)jdu}> . 

V(^i) 

Applying Jensen's inequality three tiroes successively 


. n 8 P{ ? P^,(t) 

^ n n V =0 


li> 3 i 


v/(lH.l) 


X (»!)/',, ;v ’it-ui ="14 = h(ii)i du }P) 


• ' - ,ep 


< Mo {. I, “oPnv(*) Is - 

il, 3 i '>=0 


X h(u)l au>P>l 

v/(nri'l') 

< m 1 {2 n®^ { 2 In ■" 


~ -*o 


3 q 


v=0 


V /(lH-1) 


By Pubini's theorem 

b. 

'"^4 


P ■ oil “ (v+l)/(M-l) r 

32 




Eg 


h(u)p X 



Proceedirig as in the proof of Proposition 2.1*1 we obtain 


I’^'l n 

n (v+l)/(i>H) 
2 / 

V =0 v/(rH-l) 


>« { 2 / _ I A ^ h(u)|P du}} 


< Ig 1 jhj p 

^pCa,h3 

The last inequality is obtained by using the conditions on 
i^j 3q> ^2* pj^oves (3,3.8) because T^(t) is any 

typical conponent of P^^^\h,t), 

Xl j Xu 

To prove (3, 3, 9). we write 

h(u)= ? + l dw. 

i=0 ‘ 


mi 


Since Lemmas 1*7,1 and 3.1,1 in^ly that p „(,,t) maps algebraic 

XI ^ HI 

polynomials into algebraic polynomials of saJ!B degree, we obtain 


= “r { S u) (u-w)“h^“*'^\w)dw) 

™ lc=0 ^ o t 

+ Z ^^S (u-w)“^ h^®^^-^(w)dw) X 

3=lJH-l 3* t 


j“l 3-1 

x{ 2 Z 

i ^— 0 i 2=0 


3-1 

2 

i^=^0 


n (t-u- - |^)»du} 
1^ ■•- 


3|^i^ , • • • » ^ 
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As before a t3?pical component of the 
represented by 


above express ion is 


c(rH-l) { I f 


n 


^1 ^ t 


r^+rg-m 




Jo “ 


(v+l)/(n+l) ^ j_ ^ j, 

"" ^v/(n+l) ^ ^ b^^l)(w}dw}du}»[i!‘"^°^^“^^ 


r. “1/^- r. 


= '^ 5 (‘fc)> say, 

where jr^jr^ eiU° satisfy Si^+j^ < i 5 H-l-k,k < r^ < j, 

0 < ^2 1 0 1 ^3 < m, 0 < < m, r^-Pg = k, and c is a 

scalar, 

proceeding in the manner of the proof of Lema 3.3.2 oi» obtains 

r bn 

^pCa,b3 


< Mgl 


{ Z {n 


V3i 


^pLa,b3 i^,3^ 


(r^+r3-m)/2 ^ 

•nifw^vs” 


I'pL a,bj 

As IcCt) is any typical conponent. of P^^^^^(h,t), we obtain 
(3 •3,9 ) . 

- Pro of^ of Iteorem .S, 3.1. le choose pairs of points (x^,y^), 

i = 1,2, 3, 4 such that a^ < < ag < ^2 ^ ^i+1 ^ ^ ^1* 
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and a function g e csnoh fbQ+- ^ - / x , x 

e o sucn -cnat supp g c and g(t) = 1 

for t e 

Writing fg = f, as in the proof of theorem 2.3.1, for all values 
y — ^ being sufficiently small), we have 


^ I Ip^^^^Cf-f t)il 

r V’ 

where f^ Steklov mean of (]iH-l)th order corresponding to 

This, in conjunction with Lemma 3.3.3, for sufficiently small 
values of n , gives 


m+ 1 !^ / ^ \ I 

lAy f (^)l 




pL.-"3»-'3- 




(eH-I)}. y 


Applying estimates (1.3.3) and (1,3.2), respectively S)r the 
second and the third teims of the right hand sMe of the above 
inequality, w© obtain 


(3.3,10) ||Ay^^f(t)|l 






I M 
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+ m' ^-(dh-1). - 

Now we show, by an induction on a, that 


(3.3.11) l|Ar"(J(t)-P (f,t)J(| ^ =0(n-“/2),(n-o.), 

^pL^'s.ysD 

Having proved (3.3.11) we obtain (3.3.S) as in Iheorem E.3.1. 

First, assuming tnat a < 1, by (3.3.1) for sotE I lying between 
u and t, we have 






+ ll^n 

i-pll^s.ysn 

M_ 

i „a75 I ll'n,m(^(“Xu-t)g'(S),t)l 1 

i-pC^s-ysl 

11, 

(3,3,12) = - + J , say, 

A typical component of Pj^^jj^(f(u)(u-t)g’(£),t) can be written as 
c n^D-r-i)/2 /\(n^t,u}(t-u)3-'^“^+^ f(u+ du 

= T(t), say, 

where i,3,k,r ell°, 0 < 3 < m, 0 <k < 3, 0 < r < 3-I, i= 0,l,Cjj. 
lies between u + —^;-p and t and c is a scalar. 
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By Lemma 2.3.5 for large values of n and any fixed positive 
nurnler a 


(3.3.13) |lT(t)| 




<M*{n-V2|jfjj ' ^ ^-£ 


1 } 


Thus J = 0(n“V2)^ ^ oo). 

This implies by (3.3.12) that 


I l^n,m(^S.'t)-(fg)(t)l| = 0 (e"V 2), (n - ■»), 

proving (3.3.11), 

Next, we assume that for some r £ m, the tlBorem holds for all 
values of a satisfying r-1 < a < r. We are then to show 
that the theorem also remains valid for all a satisfying 
r < a < r+1. 

With f 1 as the Steklov mean of (nH-l)th order 

n yHH-i 

corresponding to f 

M 

(3.3.14) < t r^,,y,n* 

II ^ P ^ 3' '^3 ’^ 
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ITow 

iplxs-yall 

(3,3, 15) say» 

By Theorem 3.2.6 and (1.3,4) of Lemma 1.3.1 


(3.3.16) 


\ 

h i -(»i)/^- 


proceeding as in the estimate of J, in (3.3,12) we obtain 


J- < mI If-f ^J| +ii"^l|f-f ^Jj }, 

1-4 M 

where i is an arbitrarily fixed positive number. 

Applying the estimates (1.3,3) and (1.3.4) to this inequality 
we obtain 

(3.3.17) < Mg {n“V^a)iiH.i(f»n»P»L^l*yi3 ^ (I ) ^ ’ 

A bound for Jg is obtained as follows. For some € lying 


between u and t 
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aw}x 






4r ^ ^ 

E ^ (u-t)^ / (u-w)“^ f^^^^(w}dw} } 


ml ^ ^ il 


4 - . ...I { C)(u-t)“^ / (u-w)“ • 

(ml)^ t 

Hence we obtain from above expansion and (3,3.15) 


Jg < 


<1 'i'lVl 

3 -"”* 1 Jj 1 


^p [Z ^3 ^^3*^ 




i(t)P „((u,t)^'^“g^“\5),t)l I ) 

IpC^S.ysl 


-1 21-1 
t rTf { £ ^ 

mf iT 




+ ... .1-1 |P )(u-t f(/“( u-w)“f‘^l(w)lw). 1 :)l L 

(m! ) * '*' ' 
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(3.3.18) _ + Jgg + 


we first obtain a bound for aM Jg^. a typical 


component of 

^(5)(u.-t) (/ ( u.-w)\^^^^(w)dw),t) 

1 m j/2 2-1 

= / K(n,t,u) { 2 - '.T- ( n (t- U-. .Lj.-)) X 

0 3=0 J* i=0 

X A^(g^’^\?)(Li-t)^(/ (u-w)“^ f^“^^(w)dw))} du , 


3 


_1 


after expanding and n can be written as 

i=0 

1 

c / K(n,t,a)(u-t)® ) x 


u + - 

X { / 

t 






( 3 • 3 • 19 } — l( ^ SQ^y 5 

whBTB T( "t ) = 9 3 ^ ^^3 ^ ^ 6 ^ D ® i 3 

0 < < 3.-I, 0 < rg < 3, 0 < r^ < k, lies between u + ^ 

2 n 

and t and c is a scalar. 

Let x(u) be tbe characteristic function of where 

X2 < c < d < yg. Ihen 

a}(t) = c {/x(u)K(n,t,u}(u-t)®g^®\ 5 r ) x 


u+ 


x{/ 

t 
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+ / (l-x(u))K(n,t,u)(u-t)eg(“')(5 ) 


u+ - 

/ 
t 


x{/ n 


' 1/2 r 

(u-w+-i^2)“^ f(^)(w)dw}du} 


(3.3.20) 




It follows from the estimate of ^^(t) in theorem 3.2.1 
that for sufficiently large 'values of n 


M. 


^pL^s’^sJ “ i-pC^a.yEl 


We have from (3,3,20) 

1 


l^(t)l J / (l-x(u))E:(n,t,u)lu-tj® du}nP/^ 




The presence of the factor (l-x(u)) implies, by (1,7,6), that 


n-^ ’ L (I ) 


Conse quently 




The I -hounds for functions T^(t) and T„(t) give, by (3,3.20), 


P 


l|i(t)|i^ _ ^ <M; f 


\Z^Zryzl 


(3.3.21) 


^hwir^K (!)>• 

p. 


n' 





Apply iiig estimates (1.3.2} aM (1,3,5} we obtain from (3,3.l9) 
and (3.3.21) that 

I \s)(u-t) j (iuw)“ f^“^|(w) dw, t)| | 

" ’ ^pC^3»y3:] 

(3.3.22) < Mq » C3:3_»yiII ) 


+ 




Ihe bounds for Jg^ and Jgg follow as particular cases of (3.3.22)- 
Thus 

m-l . . 

(3.3.23) Jg3 < ■ { ( 2 ^ i+mf 1)72 ^ ynH-I » C ^±2 ) 


and' 


n^ 


hh-T 


. 11^11 


L (I ) 


( 3 .3 . 24 ) Jg 4 < { “( -gm+'l )/2" “m+ 1 ^ ^ » C i» 7 1 3 ) 


n*' n 




■ By Lemma 3.1.1 and Corollary 1.7,6 

m m-l ^ 1 I (i) 11 

(3.3.25) J 2 I ^ ’ 

where summation is talsn only over those iji which satisfy 
i+D > m. 

This, in conjunction with lemma 1.2*2, gives 
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1 


^pL^'s-ysJ "’ ipC^s.ys^ 

Applying estimates (1.3.2) aM (1.3.4) 

(3.3.26) Jgl < JJffi.i')/5(^%(f,n,p,i:xg,yg3 )tl lf| 1^ ). 

Ipll) 

A typical term in ( g^“^( ? )(u~t)“*i,t ) is represented by 


^ ^(j+k-r-.m-i)/2 K(n,t,u)g^“\s )(u-t)^^-^ du 

0 ^ 

= Iq ( t ) , say } 

where 0 < j < m, 0 < r < j-l, 0<s<D>0<l:<i»i, ? lies 

mm, mmm mi g 

between u + sind t, and c is a scalar. 

Applying Corollary 1.7.7 we obtain 
M* 

“(m+TJ/*2' £or all t e Cxjjy^^ . 

Consequently 

m . ) 

^22 <“ut^, "-"^"L^C-3.y3l 

As before, using Lemma 1.2.2 and the estimates (1.3.2) and 
(1,3.4) we get 

(3.3.27) J22 1 

Collecting (3.3^18), (3.3.23), (3,3,24), (3.3,26) and (3,3,27) 


we obtain 
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(3.3.28) jg < 


^■(m+l772^m “m 


(f,T),p,[“x2,y27 > 


(i)> 


We have by the induction hypothesis 

^ " 0(Ti““^), (n -* 0). 

This implies by Corollary 1.3,4 that 

a)^(f,n,p,Zxi,yi3) =0(/-^), (t) - 0). 

Applying the estimates of mth and (m+l)th modulus of smoothness 
to (3.3.28) and taking n= n"^/^, ^ = m+l 


(3.3.29) 


T y 

^2 ^ >75 • 


Also by (3.3, 17 ) 

(3.3.30) 


h i >75 • 


finally we obtain from (3.3.14), (3.3.15), (3.3.16), (3.3.29) 
and (3.3.30) that 

/-z 11 '1 =,TTd hence the proof of the theorem. 

This proves (3.3.11) and nence uiic > 
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3.4 S AIimATIOIJ THEOREI,! 

The asymptotic formula for the operators P (.,t) 

3^ j 113. 

(Theorem 3,2.6) gives an indication of the saturation behaviour 
of the operators. It is shown here that the operators P (.,t) 

^ Hjm' ' 

are indeed satur-ated with the order ), We get 

different saturation classes depending on whetier p = 1 or 
p > 1, The trivial class consists of functions which are 
locally polynomials of degree m. 

T heor em 3,4.1, let 1 < p < °° and f G 1^(1). Then, in 
the following statements, the implications 
««(i) ==> (iij ==> (iii)” and '’(iv) ==> (v) ==> (vi}‘» hold, 

(i) 1 (n - 

(ii) f coincides a.e . on Ig with a function! having ntfl 

derivatives such that (a) when p > 1, ^ G A,C,(l 2 ) and 

I do), (b) when p = 1, 6 A.C.(Ig) and 

G B.V.Clg)? 

(iii) 1 'P^ Jf ,t)-.f(t) 11 =, 0(n (n -* »)| 

p ' 3 

(iY) 1 lP„_^(f,t)-f(t)l ^ = o(n-(“-lV2), (n ^ oo); 

\P ^ 

(v) f coincidss a.a. on Ig wibh a polynomial of degree m; 

P 


= o{n-<"l>/h, (n - 

ds) 
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Note. The implication »»( ii) ==> (iii)« follows from 
Theorems 3.2.1 ^ 3.2,3, re^ectively for the cases 1 < p < ~ 
and p = 1. And "(v) ==> (vi)« follows from Theorem 3.2.6. 

We shall first prove the following leimia. 

lempaa 3 , 4,2 . Let h G L (I), 1 £ p < have a coii 5 )act 

Jr 

support c: (0,l). Further, let h have m derivatives over I 

Wiiere h^^^^ G A. 0,(1) ai'^d h^^^ G l^(l) and satisfies for all 
Values of p G (0,l) the condition : 

a»(h^^^T,p,l) < 1 , (t - 0). 

Then, for each g G with supp g c (0,1) 



(3.4,2) 
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Expanding h(a) we have 






3=0 


n 


r=0 


n 


17s- 


D ^ d /2 , . 1-1 

3=0 r= 0 '‘3!" ■" 


n 


I/S’' 


^ ni i/2 . 1 — *i 

E _ h( a+ -'V/ 5 -) { 2 )( -1 )^'‘^( n ( t~a - - ) } } 


r=0 "Si' 

m 

(3.4.3) = 2^ h(a+ '■^^) aj,(t, a), say 


i=0 


n 


It follows from (3.4,2) and (3.4.3) that 




mil 

2 // K(n,t,u)h(u+ ’ ■•i 7 ^)a^(t,a)g(t)dt du 

r=0 o o ■nV'^ r 


For each r (= 0,1,. ..,m) we expand g(t) in Taylor series about 


the point u t -■ 


g(t) = 2 (t-u- jyg)^ \Y^) 


m 

- 


n‘ 




+ 


1 /j. r \nM-l \ 

t)r (■^“'^-;i/2") S ^^r^» 


3- 

where lies between u + 


n 


Defining h^(a) = h(u) g^^^(u), 0 < i < m, we have 
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m ^ m 11 

°1=0 ^ ^r=o{ { ^^”’*’“^^l<“+;;i78Kt-u-^|^-)iaj(t,u)dtdu}) 

1 r r 1 -^ 

T^TJl { K(n,t,u}h(u+^5y^) 


m 11 


X {(t-u-^^j)""-! g(»i)(j^),at 

This Can he rewritten by (3,4,3) as 

m . 11 

= 2 ^{ / / E;(n,t,u) X 

i=0 0 0 

m j/2 0-1 

x{ 2 — -v- ( n (t-u-^-T )) j 

0=0 J- £=0 ^ 

1 mil 

Tm+r/r ^ JIq Q K(n,t,u)h(u+..^^g) a^(t,a) x 


m+ In 

(3,4,4} = 2 ■jy J -; j SEy , 

i=0 

Firstly, a bound for is obtained as follows. 

After expanding aj,(t,u), a typical conponent of can be 

written as 

c n^ D+k-m-s-l)/2 /^/\(n,t,u)(t-u)3'‘'^’‘®h(u + - W2)g^“^^^(€^)dtdu. 

O 0 ^ / 

= T, say, 
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where « < ^ < 3 < m, 0 < < *i, o < s < j-l ani o is 

a scalar. Since supp h c(o,l) it follows frm Proposition P.1.1 
and the boundedness of 


M. 

I 1 1 N 

Thus, 

( 3 . 4.53 i ;^rm-n /2 


ii(i) 


hext, for where 1 < i < m, using I'ubini's theorem we 


obtain 


11 m j/2 j-l 

Jj, = / / K(n,t,u) { 2 n (t-.u-‘fy5r))A3((t-u)V(^))}<iudt. 

o o “i=:n w* ^ ^ 


0 0 3=0 i=0 n 

Since hj^(u) can be expsinded as 

m-i 
‘ 2 

X!^0 ’*’ * ^ 

it follows from (i) of lemma 3, 1,1 that 

1 1 m i/2 0-1 . 

Ji = fm^rri K(n,t,u} { 2 - .y-C ^ ( t-u- )} ^ 




3=0 


i=0 


n 


X (A^((t-u)^ f (Up-w)”^”^ h(™’^'’^\w)dw))}du dt. 

t ^ 

Proceeding as for the estimate of in Theorem 3.2.3 we obtain 

Further, applying Lemma 1*2.2 
(s. 4.63 IJJ i (1)'" 
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lastly, we evaluate J , 

0 

auxiliary results. 


lo 40 so we require the following 


Lei»ma_3^_,^ let h e 0 hare » 

(a,b eH). Then, for k, r e and 

6 > 0 

b , 

(3,4,7) /yA^ b(y)(3.y = { 
a ° 


compact support c (a,b), 
for sufficiently small 
b 

(/ b(y)dy), k = r. 


0 , k < r. 


the definition of 


^5 ii(y) we have 


I h(y)dy = ^ 


r 

2 

i=0 


Since supp h c= (a,b), for all sufficiently small 6 we have 
b x: 

/ y A^ h(y)dy = (f)(~l)^ ^ {j (y-ib)^ b(y) dy} 

1-0 a 

= 2 (f)(-l)^~i ^ 2 (^}(-i6)^j(/ y3 h(y)dy)} 

1=0 3=0 J a 


= .M?) i I (-16)^3} (/yjh(y)dyj. 

i— 0 

Now using the binomial identity 

(-1)^ rl , m = r, 

0 ■ , m < r, 

« b 

(-6) rl (/ h(y) dy), k = r 

/ y^ h(y)dy =' { 

a ^ 0 , k < r * 


Z (|)(-1)^ i“ = { 
i=0 ^ 

we obtain 
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let 3 elT, a eiR and jxj be sufficientlj small. 
Inen in tne expansion of (l+x)3“/ | (i+fs) in the powers 

ofx: 


(3 


.4.8) 


D - 1 + 2 + PgCj) x^ + ..., 

n (l+ix) 
i=l 


the P^(j) are polynomials in 3 of degree 2 k. 

22 :Pc» 2 £.* faking logarithm of both sides in ( 3 * 4 # 8 } we obtain 

3 

Oa £n(l+x)-_i; jin(l+ix) = jin { 1+P . ( 3 
i=l ^ 

Using the series expansion this reduces to 

+2(1 = ( z C z Pj^(3)x'*')®+ 

i=l lc=l ^ T^-I ^ ^ Vv-l ^ 


- 3 a( Z 

k=l ^ 


h?=l 


lc=l 


00 


1 ( 2 P 3 ^(d)x^)^ + .. 

3 b=l 


Collecting coefficients of powers of x on both sides obtain 


00 ^ ^ 

( Z ■^”nr^"")(- 3 a+ Z i^) = P. (3 )x + x^CPpC j ) - i P^( j )) 
te=l ^ i=l ^ ^ 1 


+ { P 3 ( 3 )-Pi(d)P 2 ( 3 > I li( 3 ) }+ •• 

+ x^{Pa3)-| 2 P(3)P„(3)+ 

k 2 p <1 

+ I Z P^(3)P„(3>v.(a^ 

^ p+q+r=k P 1 ^ 

P^(j)}+ ... . 


4 " 
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Using "the well imown fact that for k e 3 H, I is a polynomial 

i=l 

in 0 of degree k +1 and comparing the coefficients of like povjers 
of X the proof follows. 


Putting a = 0 in lemma 3.4.4 we obtain the following 
Coroll ary 5.4.5. Por 3 G iN and |xj < 

n (l+ix)“^ = 1 + Q.( 3 )x + + ...» 

i=l 1 ^ 

where Qjj-Cd) is a polynomial in 3 of degree Ek. 

Resuming the proof of lemma 3.4.2, writing 

I (t-u--"^ 7 p) = (t-u)3 + L (t-u)^ 

=0 r=l n / 


i =0 


where d. „*s are constants, 
D »^ 


we have from ( 3 . 4 . 4 ) 
J 


= //^KCn,t,u) { I 2 ^ ( h^(u)) at du 
O 0 0 3=0 ** 1=0 n 


= “ 5-^.(^ {//K{n,t,a)(t-u)3 sHo(a) dt du) 

3=0 00 




“ %£„(0-n/2(/V£(n,t,u)(t-u;3^ s\(u>Jtau}. 


3=2 r=l 


Kow 


/pnv(^Kt-u)>^at = J^(^)(-l)V(/"p„,{t)t'-^«) 


This gives that 





k-s 

k 1 - (^ + i) 

/ p^„(t)(t-uf at = s (s^C-D® } , 

0 ® n (iH-i) 

i=l 

D , 

where n (v + i) is to be interpreted as 1 when 3 = 0 . le 
i=l n 

ha-ve, after writing K(n,t,u) = ^ 2^ P^^^Ct ) x^^(u)} , 

^ 3 ^_t)S ji3/2 

j = (n+1) { 2 2 (^) • ThiLs 

° 3=0 s=0 ® 3 . 3+1 

i=l 

. { A„(u)dU,,l 

v=0 i=l v/(i«-l) 

" ‘ iU rh io ^ ^ ^ ^ (^ 1 ) 

i=l 

^ ? < *111 A (a)aul). 

»/Al) 

We see from above that a typioai component of J-3 of the type 


c(rn-l ) 


r^ — Q 

n (n+i) 
i=l 


_ 1 5 > 5 ) e 3K° are such that 

where c is a constaht ahd r^ ( » s» » 

0 < < “» 1 1 ^2 - - ^ 5 * 0 < < 

Mo rviaur in sumaation formula (iemma 1.7.10) 

lext, using Buler-Maclaur 

we change the summation ^ \ ^ r 

n ^r^ ('> + l)/(^^^ 4 i 5 hjj(u) du 

V Ig v/Cnt-l) 
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into an approximate integral as follows. 

r^r x+l/(nhl) r. r 

writing H(x) = x ^ / u ^ A ^ h (u) da, 

X ° . 

it follows from the given smoothness hypothesis on the function 
h that H(x) is im-l times differentiable with e A.C.(I) 
and ^6 Also supp H c (0,1) for all n sufficiently 

large. (Then, by Lemma 1.7.10, we have 


n r„ (v+i)/(nfi) r. 

1 V / a ^ 

v=0 v/(nfl) 


A ^ bQ(a)da = (n+l) E H(^)) 

V =0 


(3.4.10) = (n+ 1 ) ^ { / H(x)dx - ^ ^ } , 


r,+ l 1 

H(x)dx - a, 

o ^3»-^4»‘^5 

where IL „ „ is given as follows : 

^3 >■^4 »-^5 




(nt-1) 


^^+1 ^2]c 


n+T^ 
m = 21&-1, 


(3.4.11) a„ ^ y. ={ 




r =0 0 


let X (u) denote the characteristic function of [][x,x+ ^"^3 

1 1 r„ x+l/(n+l) r. ^^5 . , , ^ 

Ihen, / H(x) dx = / X 5 / u ^ 4 ® li„(uj du dx 


o X 

11 r„ r^ 




0 0 


interohanging integrals by Pubtoi's theorem m obtain 

/^H(x)ax = / I x„(d)x ®h„(d)dxdu 

0 0 0 
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1 1 

= / u ^ A ^ iio(u)(/ X (u) X ^ dx)du 
0 o 

d u r„ 

= / a ^ h (u) (/ X ^ dx) du 

o u-l/(m-l) 

= -(?jrr;*^Q( s »x) ® “ a ® h^(a)iu)) . 

By Lemma 3 ♦4. 3 the expression on the right siie can be written 


as 


r 5/^ 1 

(-1) 5 rg! H^(u)au) , 13+14=^5, 


(3.4,12) f H(x)dx = ^ 
o 


0 


» ^3+^4 < ^5* 


ComlDining (3,4.10) aM (3.4.12) we obtain 

n r (v+l)/(nfl) . 

Z y> ^ f u^A° 11 q(u) du = 

V =0 V /(iH-l) 


-rg/2 


r, 1 


(-1) n ^ (iH-1) ^(/ lio(ii)du) 


(3,4.13) 


Tg+l 


^(iH-1) ^3»^4»^5 ^3"^^4 " ^5 


r^+l 


j-(in-l) 


5 * 


, if r^+r^ < Tg 


where R, 


^3 »^4*^5 


is given by (3 ,4,11)’ 



135 


Thus (3,4,13) gives a formula for changing the 

summation 


“ f ^3 >+lV(w-l) 

v=0 v/(nti-l) 



h^^(u) du} 


into an approximate integral with an error term. We use it 
to obtain an approximate integral for as follows s 

Writing 


k 

IT (v + i) 
i=l 


h , 

V + 


k 

Z 

i=l 



,.k-i 


> 


where b^^ ^ are certain constants. 
We have from (3,4,9) 


m 3 


\S 


n 


d/2 


0 


^ 4o io 

3=0 S=0 

i=l 


n . (v+l)/(ntl) „ ^ 

x{ 2 {v3“S j uS ^3 h (u)du}>} 

v=0 v/(m-l) 


m 3-1 3 -s ^ (-l)‘ 

(ntl){ £12 


vs j^3/2 ^ 

. n n 1^1 -s^ " 31" 3+1-s '' ^3-s,k 

3=0 s =0 k=l ]j (nti) 

i=l 


■ r ^ i-s-k iv+l)/(»tl) j 

v = 0 v/(ni'l) 


u® du}}) + 
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m G-1 D-r 
2 I 3 
j=2 r=l s= 


+ (lM- 1 ) { 2 "t i (3“^) (_ 1 )S ( 3 - 2 : }/2 

31 3+l-*J^-s ”3,r 


d . 


n (iH-l) 
i=l 


n 
2 

v=0 


X { 2 { / 


(v+l)/(rH-l) 

A.^ lija)du }}} 
v/(rH-l) o 


+ 


(n+1) { 2 ^2^ ^ i;pf d ^ 

3=2 r=l s=0 fc=l 3J 3+1-r-s 3 ,r 

n (m-ij 
i=l 
n 


X b 


3 -r-s,lc v=0 


3-k + 

V /(lH-1) 




(3,4.14) = 2^ + 22 + 2^ + 2^ > say. 

We see from (3.4.13) that 22 » 2^ ard 2^ consist of only remainder 

terms involving R „ . 

^3’ 4’ 5 

Applying (3.4.13) to 2^ we obtain 


m 3 i r t'jS ti^/2 

(XH.1){ r(S (3) j^T-s - ■ >’“ 

3-u S-U JJ (nfi) 

i=l 

x' {(-l)^(3:w-l)^-^(n)“^/^3l(/ 

0 

= { 2 2 {(^)(-l)^‘‘’®{feL-s 

3=0 s=0 ^ % (x>,i) 

i=l 
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n (iH-i) 
i=l 


J+2-S 


^ 3 * 4 * 15 } — ^ ”" ^ i2 ^ S3,y* 

Rearra^igi^ terms in 2^^ wie obtain 

1 m 3 ^ 3 + 1 -s 


‘11 


= (/ h„(a)du) ( Z ( j)(-l)^^® ( '> 1 

3=0 s=0 

i-1 


0 


= (/\(u)du) ( ,z J (jifc) (-D'^fivr' — ’ ’ 

^ 3=0 te=0 •' 


R+l 


n (i>i-i) 
i=l 


= (/\(a)da) ( J X 

o ° )o=0, I, (»!) 3-*" ■ 

i==l 


= (/\(u)du)i "(-!)" 

o ° ^0 n (iH-i) 

i=l 

(where we hawe used the binomial identity 

? ci) = (hti) ^ 

0=^ 

^ n (ii+i) • ° 
i=l 


lc=0 


where 


j (rH-i) forlt = 0 is io be ioterpreted as 1. 


i=i 


T 4 4 aM the binomial identity 

Thus using Lemma 3.4.4 ana 
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^ r* . ■! m m = r 

2 d) (- 1 )^ i“={ ' ' 

i =0 0 , m < r 


we get, 


( 3 . 4 . 16 ) 2 ^^=/ h^(a)du + llhjj^ 0 ( (n -* ~). 

n 

Now we obtain a bound for the remainder terms of 2 ^g, Ig, 2 g 
and 2 ^. 

We see from ( 3 . 4 . 1 L), ( 3 . 4 . 14 ) and ( 3 . 4 . 15 ) that typical 
remainder terms of 2 ^ 2 * 22 , 2 ^ and 2 ^ can 'be written, respectively, 

as 

c a. ., (0 < s < j), 

n (nt-i) 
i=l 


, 3 / 2 : r . 


c n“' ' -- XL. _vq i* — ® — 3 “lj 1 S ^ — 3 “s) > 

^ 3 + 1 -s 3-s-k»s,3' 

n (nt-i) 

' i=l 


(3 . 4 . 17 ) 


G^n 


( 3 -r)/s 

j+W-s 3 -^-s,s ,3 

n (n+-i) 
i=l 

(1 < r < 3 - 1 , 0 1 s < 3 “^)> 

/ \ / / . \ 3 + 2 -r-s-k 

c 3^(3-r)/2 ^3-r-s-fc,s,3 ’ 


3 +TIr-s 
n (JW-i) 
i=l 


(1 


< r < 3 - 1,0 < s < H < 3 -r-s): 


where c^^’s are constants. 
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We analyse the error terms occur irg in ^ 2 * ^3 

. We investigate separately the two cases depending on 
whether m is an even or an odd integer, lor this we take up a 
typical term given by (3.4,17), Using the condition 

0 ) (h^“^^T,p,l) 1 , (t - 0 ), 

we show that any such t3^ical term is bounded by 


( h^^^l I + j I hi 1 + vpb'S'vV^) )• 

Jm+T77^ ll(I) Li(l) 

Case I. let m be an odd integer, say 2fc-l, Defining 


JC X! 

ij)(u) = u ^ A ^ h^(u), we see that the function H(x) defined as 

r, x+l/(n+l) 

H(x) = X / ^(u) du 

X 

is 2k times differentiable. Ifence for almost all values of x 

(21>-Xg-1) 


(3.4.18) +...+ (r^)(i^3n 

3 


(x). 


By definition we have 
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Also using the fact that for any 6 , § >0 

1 2 ^ 

we obtain 


(3.4.19) 


+ 


^^l/(rH-l} ^ ( A ^ iloU)). 


Diff ereiitiat ing the above identity r times we obtain 


V(ntl) - (^i/(iH-l) 


1 r r 
(A 


- ^ \/(xi+l) 


V(n+l)^o 


X {r 


1 n^4‘“^ 


4(X 4 >+.. + (/ )(A %/(^^^ 


(r-r ) 

h^ ^(x))(r^!)} 


+ {(A h^ ^(^^^(^l/(iH-l) ^ ^ 

r. (r-r,+l) r^l 

(3.4.20) +..+ (^^^i)(A h^ (x)) 

Ihus, we see from (3,4.18) and (3,4.20) that H^^^^(x) consists 
of terms which involve Ah^^^“^^(x) and 

A-differences of the derivatives of h^(x) lower than h^^^"^^(x). 
low, from (3.4.11) it follows that 


) 
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V» Y* ‘ ^ 

i. r7 f A. A fX ( 


^ (xh^lY 




(3»4.2l) K i l^^ovl I llH^^^^lt 

- (^1)^ 11 IIH .11l^(i)* 

HlB terms which involve highest derivative of h i,e., 
h^^^l)(x) in are ; 

X ®{(A ®Ai/(ih.i)4^^‘^\x))(x+jA^)\ 




(3.4.22) = ir(x), say. 

We will obtain a bound for 11 It I by making use of the 

il(l) 

hypothesis on : 

(3.4.23) , (t-*0). 

For this, we shall first prove that 

(3.4.24) oj (h^^^“^^T,P»l) = O(t^), (t-*0). 

Since hQ(x) = h(x) g(x), where 6 i.,0.(I), h^^^ ^^61^(1) 

and g 6 C^^(I ), one obtains for almost all values of x 

+ h(x) 
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From this it follows that for almost all values of x 

In view of the fact that (li^^^^^(x)g(x)) 

= (‘lAiH-i) g(x)) 

= g*(E). 

-j 

(where K lies between x and x + 
and (3.4.23), we obtain 

(3.4.26) 

This gives an L^-estimate of the first term on the right side 
of- the expression (3,4.25). 

Other terms in (3.4.25) are of the type 

where 1< r < 2k-l aid o is a constant. Ihis is nothing hut 
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®noe, 1 |o 

(3.4.27) < } 

To obtain a bound for the first term on the right side of the 
above inequality (3.4,27) we write 




Let X^(y) be the characteristic function of [^XjX+l/ln+l)^ 


Then 


< //x,Cy)lii(2>^''^(y)l4y ta 

o V V ^ 1 / 0 0 


= /V^ (y)lh^^^“^^(y)ldx dy (By Fubini»s theorem) 

!X! 

0 0 

,/|h^2k-r)(y)l(j x^(y)dx)dy 
0 ° 

(3.4.28) = M 

Thus, from (3,4.27) and (3.4.28) « obtain that 
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(3.4.29) lie I 

Ijd) 

< ^flluCSk-r)!! ||^(2k-w) 

i^d) 

Flnaily, we obtain from (3.4.25), (3.4.26) an4 (5.4.29) 


(3.4.30) l'Ai/(^,)hdl^l)(x)|| 


Il(I) 




which proves (3.4. B4), 


This, in con;iunction with (3 .4.22 ),pr oves tlaat 


(3.4.31) Xx)!! 


L,(I) 


-“s' 


13 ^( 1 ) 


) > 


Regarding the other terms of which involve lower 

derivatives of h^, we proceed as in the above, For instance, in 
terms involving are : 


/3(2fcl^ {(/5(4^^^^^^1,(2l!^2)(^))r^(^ + ^ 

^ (/5 j,(210.2)(^)j X ^ )) 

+ 2^3 hdfc-2)(x))(x4 

+ (A*^® hdl-2)(x))(b,/(^l) =="")> 


= l^(x), say. 
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It follows after applyiiig tte estimate (3.4.28) ajid tbe fact 
= OCn"^), (n - oo), that 

BL 2k-l / . X 

(3.4.32) )• 

1^(1) 3=0 I<^(I) 


The estimates (3.4.21), (3.4.31) and (3.4.32) give 

,(3)1 


3.4.33) + n ’ ' 


( 


The Case when m is ah even integer, is treated analogously 
and we obtain similar estimates. 

Having obtained a bound for we see from (3.4.17) and 

3 ^ 4: 5 

(3,4.33) that when m = 2k-l any general term occuring in 
(3,4.17), say R, bas the following bound 


Rl < n 


(2k-l)/2 


(3.4.34J < “is -;•£ 


n jRvi ^ v 
^3’ 4^ 5 

2k-l 


,i2)\ 


) } . 


n‘" nf' ^ D-Q ^1^^^ 

^ _ -19 9 -i-iniQ iq further bounded as s 

In view of Lenuna uiirs xs 


(3.4.35) 1E| <*? < 


(2k-l) 


ooll.oti.>g together (3.4.4), (3.4.5). (3.4.6), (3.4. 
(3.4.15), (3.4.16), (3.4.17) ehd (3.4.35) « obtain lor odd 

integral valu.es of m 


14), 
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l< >1 < <;(E"-i)7E + I i 


I<l(l) 


+ 1 1^1 I . > 

il(l) 


This proves that lemma. 


proof o f the theorem . ^Sfe proceed exactly as in the proof 

of Theorem 2.4.1. It follows from Theorem 3,3,1 ajad Theorem 1,3.2 

that for every suh interval c (a^,h^), f coincides a.e, 

on J with a function P possessing an absolutely continuous 

derivative and an mth derivative which belongs to 

L [[cjd'Q* Moreover, for 0 < p < 1 
P 

“(5'^“\t,P,I) < M , (t-0). 

We choose pairs of points x^jXg and y^jyg such that 

IDHhi 

a^ < < Xg < ag < bg < yg < y^ < b^. Also let q G 

with supp q (z (a^,b^) and q(t) = 1 if t G 

Then by Theorem 3.1.3 and statement (i) of Theorem 3.4.1 we 

have for G(u) = P(u)q(u) 





Cx2»y23 


(n - «»). 


As in (2.4,9) there is a function H(t) G ^ 

such that for some subsequence {n^> and for every g G q 


with supp g c (0>^) 

(3.4.36) lin < I 

•n oo 


n.,m 


(G,t )-G(t),g(t) > = < H(t ),g(t) >, 
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When p = 1 as in (2.4.12), there exists a function 

^ B.V, 11^2»y2ll such that for every g 0 0^^ with 
supP S Cl (^g^yg) and. for some subse(5,uence {n. } we have 

t) 

(3.4.37) lim < j JS,t)-s(t),g(t) > 

OO j 5 Ail 

tJ 

= -< <^o^'‘^^»s'(t) >. 

let Steklov mean of (iiH-l)th order corresponding 

■to G. writing 

/ sm ,BH-1 

= r^lT! 

we obtain by Theorem 3.2,6, 

(3.4.38) ?n.,m(^Ti,mhl»^^^^n,mtl^^^ 

D 

XI • 

3 3 

where the o— term may depend on n but for each fixed n it holds 
uniformly in t G !]_• 

We obtain from (3.4.3 8) 

= lim n(,”*lV2 < > 

XI , 00 3 
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D 

+ lim n(^lV2 < p jG,t)-G(t),g(t) > 

j \ *-►00 t) •*■•^-1 9 ^ 

D 


i.e,, < ^n,iiH"l^ ^ “ 


-lim ^“+lV2<p^ jG,t)-G(t),g(-t) > 

XI. — CO 0 

D 


n.,m' 


= liia n<“*-lV8 < P„ ,^(G^_^^-G,t)-(G^_^1-S)(t),g(t) >, 


n . -♦ °° 
D 


Applying Lemma 3,4.2 to the right hand side of the above 
expression we obtain 

< < P ^^(G,t)-G(t),g(t)> 

3 

(3.4.39) < >*14 V 

As before letting n -* 0 in. (3.4, 3 9) 


(3.4.4O) < G(t),P ;^i(D)g(t) > 

= im < ?„ JG,t)-&(t),g(t) >. 

n . ■ 3 

After this we canry.out the rest of the analysis as in the 
proof of Theorem 2.4.1 (saturation theorem for P^(f ,k,t )) 
The observation that Piij^i(''^) > ^ G (0,l)j (see 

Cor ollary 3.1.2) completes the proof. 



G^TER^IY 

B Y LIHBjR 00M3IM(DI0KS 
O R EXPOHBITIaL siuTpRs'” 

jAp p r Ox iiiia'fc ion in G— norm by exponential type operators 
has been extensively studied (see Section 1,8). Here we show 
that under regularity conditions (1.5.8) and (1.5.9), exponen- 
tial type operators also constitute an 1^— apprcximation 
process where 1 < p < “. Ihis is proved in Section 4.1. Ihe 
linear combinations Sj^(.,k,t) of regular exponential type 
operators, as in C-norm case, give an improved order of 
convergence in L -norm for sufficiently smooth functions. Shis 

' ir 

is in Section 4,2. In Sections 3 and 4 we prove inverse and 
saturation theorems for {S^(.,k,t)} in 1^ -norm , Ihe 
direct, inverse and saturation theorems ate local in nature 
over contracting intervals. Some of the results obtained in 
this chapter will be useful in the next chapter as well. 

In this and the next chapter we use t}:B notations 
I. = where j = 1,2,3, 1 < a . < a^^ and b^_^ 2 ^ ^ 

<3 <J 

4,1 B^IC_^PROXIMION 

We see from Lemma 1.8,4 that the (perators S^(.,t) 
constitute a local approximation process with respect to C-norm 
for continuous functions satisfying certain growth conditions 
on (a,B). Here we prove that if, in addition, the operator s- 
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Let x(u) be the characteristic function of I 
Using Jensen’s inequality 


ag 


^2 B 


'i-fc < / / W(n,t,u)lf(u)lP du dt 

ag A 

^2 B 


= / / X(u) W(n,t, 

^2 

^2 B 

+ S f (l-x(u))w(n 
^2 ^ 


u)lf(u}p du dt 
,t,u)[f(u)jP du dt 


J q t Jg ) say • 

It follows from an application of Bubini’s theorem and (1.5.8) 
that 

< a{n) 1 |fl I® . 

If > 0 is sufficiently large we can find a c > 0 such that 


I 4- 1 2 ^ 

u-t 

— > c, for all I u| > and t e Ig. 

|up^+l 

Also, for thOvse values of u which lie in (-M^,M^)\l^, we 
have I u-t I >6, where 6 = nain (ag-a^jh^-hg). 


Thus, by Pub ini’s theorem 
B 

^2 =/ / (l-x(u))W(n,t,u)lf(u)l^’ dt du 

A ag 

Lg I u-t[ ^^^ 

< S f (l-x(u)}W(n,t,u)|f(u)| 3/i+! ul^*^ 

lu| > M^ ag c^(i+|u| r 


dt du 
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-h 


/ / (l-x(u))w(n,t,u)lf(tt)lP 

u < M. ao 


u-tj 

"‘j»p au. 


we apply Corollaries 1,8.9 aid 1.8.10 to obtain bounds for the 
first and second terms respectively, fhus 


“ ^£.p 




file estimates of and Jg con^lete proof of the lemma* 

g_Qj;ollar y 4.1.3. let l<p < ooaMfel 
for any fixed positive number «, 


(4.1,3) |lSjj(f,lc,t)| < M{|lf|l 


+ V IldL 


where M is a constant, independent of f and n, 

k 

proof. Since S (fjkjt) = 2 c(j,lc} S. .„(f,t), 

and c(3,k)'s do not depend on n the proof follows from 
lemma 4, 1,2 , 

Theorem 4.1.4. let l<p<~andfe 

,i iii ii;.., ii.iiiiri i > pr.rr jj 

(4,1.4) 1 |S (f,t)-f(t}i 1 =0(1), (n-oo>. 

I'p(l2) 

proof. We choose a sequence (fg) of continuous 
functions which have a compact support c (A,B) ani satisfy 
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(4,1.5) 
fe have 





0 ( 1 ), (o 


“) 




< lls (f-f„,t)l| 

+ iis^(f„,t)-f,(t)ii +iifjt)-f(t)n 

We apply Lemma 4,1,2 to obtain an estimate for the first 
term on the right hand side of the abOYe inequality. Lhus, for 
a fixed G > 0, we have for sufficiently large values of n 

|lS^(f,tJ-£(t)|l < 6 + ||f„(t)-f(t)|| 

(4.1.6) + llSjj(f<,,t)-f<,(t)l j 

Finally, applying (4,1.5) and Lemma 1.8,4 to the seconi and 
third terms, respectively on the right hand side of the above 
inequality, we obtain (4.1.4), 

Gor ollar y 4.1.5. Let 1 < p < «> and f G L^ C A,!] . Lhen 

(4.1.7) llSjj(f,t)-f(t)l| =0(1), (ll-~). 

LpL'^J^J 

Proof . By Lemma 4.1.1 we have S^ f e l^C A, fcr 

every n. Now given G > 0 it follows from Lebesgue»s dominated 
convergence theorem that there exist numbers a, b where 
A < a < b < B such that 
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(4.1.8) : |f(t)(l-)((t))ll <g 

ipCA.Bl - 

and 11(S (f,t))(l-X(t))l| <e, 

BpCA-Bj ■ 

where x(t) is the character Istie fiinotion of |3a,l>3 . 

Thus (4.1.7) follows from IlBorem 4.1.4 and estimates (4.1.8). 

4.2 EKROR ESTIMATES 

In this section we investigate, for sufficiently smooth 
function, the rapidity with which the linear combinations 
S^(,,k,t) of regular exponential type operators converge in 
L^-norm (1 < p < <»), The first two results give error estimates 
in the approximation of sufficiently differentiable functions 
for the cases 1 < p < “ and p = 1, respectively. Using these 
results, next we obtain a general error estinate in the 1 -norm 

Jr 

in terms of (2k+2)th integral modulus of smoothness of tte 
function, 

let 1 < p < <» and f e hp[lA,B3 . If f 
has 21C+2 derivatives on I^ with q a,g,(I 2^) and 

f (21^+2) g then for some constant M 


(4.2.1) 1 iS^(f,k,t)-f(t)|i . 






To prove the theorem vse 


need the following proposition 
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S^aosltion let 1 < p < b e 1 C-.B3 

i, j e IN * for any fixed positive number £ 


and 


(4,2.2) 1 1 S^( I a-t[ ' [/ j u^wj li(w)jdw| ,t ) 




< M {ii-("3+lV2 I mi +n-*llh 

where M is a certain constant. 


ipCA.B3 


1 , 


Furthermore, if -«> < 1 < B < +oo then for some constant M- 


u 


(4.2.3) |lS^(|u-t| |/ I u-wj ^jh(w)|dw| ,t)j j 






|B|| 




Proof . Proceeding as in the proof of Proposition 2,2.2 

we obtain (4,2,2) and (4,2.3), The only difference is that we 

^B 

have to use a bound of / W(n,t,u)j u-t| ® du in place of 

1 ^ 

/ K(n,t,u)j u-tj ® du in the estimates of and Jg, 

pr oof _o_f The or em 4. 2,1 . For t e Ig and u e I^ there holds 

u 


f(u) = 2 f(^^(t) + ^(w) dw. 


2k+l 

'nr'- , 

Let ^(u) be the characteristic function of I^. Tien for t g Ig 


B 


S^(f,t)-f(t) = / x(u)W(n,t,u)(f(u)-f(t)) du 

A 


B 


+ / (l-x(u)) W(n,t,u)(f(u>.f(t)) du 


(4.2.4) = J^(t) t JgCf)* say. 
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Using the expansion of f(u) about the point 't> in J^(t) 

we have 

2k+l ^(i)/^N 3 

J^(t) = Z { — i. / x(u) W(n,t,u)(u-.t)^ du} 

1=1 A 

B 

+ ■(■sl+TTf ( /(u-wp+lf(2k+2)(^^^, 

A 

(4.2.5) = JiiCt) + Jl 2 (’t)> say. 


(4.2.6) Hj 


It follows from Proposition 4,2,2 that 

M. 


12 


bp(l2^ ^ 






lo obtain L -norm estimate of the function J--(t) we rewrite 

p 11^ " 

2k+l ^(i)/i\ B • 

Jii('fc) = ( 2 — W(n,t,u)(u^t)^ du}) 

i=l A 


+ 


2k+l ^:•(i)/4- S X vi s 

( L — m/ (x(a)-l)w(n,t,u)(u-t)^ du}) 
i=l A 


(4.2.7) = 2^^(t) + 


We shall first obtain L -bound for the function 2^(t). let 

ir 

5 = min (a 2 “a^,b^-b 2 ) arid s = 2(k+l)-i, Then by Corollary 1,8,2 
there holds f or all t G Ig 


B • B 2,( tei-l ) 

/ (x(u)-l)W(n,t,u)| iut[ ^du < 6*“® / W(n,t,u)| u-t| du 

A ^ 


(4.2.8) 


1^3 


n 


-(k+l)^ 


Prom this it follows that 
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12 




< \ 


n 


rU+i; 

i=l 


,(i) 


11 ). 

^p»2> 


Next we obtain Lp-bound for the function Jg(t). 

B 

Jg(t) = / (l-x(u))wCn,t,u)f(a)a„,f(t)/(i_x(u))Vf(n,t,u)in. 

A ^ 

Applyiiig Lemma 4.1.2 aM (4.2.8) to first ani second terms 
respectively 




< Mg I |f j| 




Thus, we obtain from (4.2.4) to (4.2,8) am estimates ot 
and Jg that 


21c+l ^(i)/4. \ 

l|Sjj(f,t)-f(t) - s^((u-t)St))|.[^ 




2k+2 


(4.2.9) =(Z ^ +l|f|l ^)0(n-(^'*-lb, 

1=1 ipdp ipLA.sn 

(n 0 °), 


Hence, by lemma 1.2,2 and (1.5.2) 

l|Sjj(f,l!:,t)-f(t) - I (l-j.,SV Sjj((u-t) _) 

i'— 1 jp 2 


(I if(21a-S)|| +||f|| ) OCn-^^-^^b.Cn--). 

"ipdp ' Ica-b: 

This alongwith lemmas 1.8.1 and 1.2,2 complates the proof . 

Proceeding as in the proof of Tteorem 4.2, 1 and using 
second assertion (4,2.3) of Proposition 4.2,2 we obtain the 
following. 
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2??P2\ar J .i-2.3 , Letl<p<c«aMf e LpCA,B3 where 
A,B G H. If f has 2k+S derivatives over with 

j(Ek+l) g f(Sla-S) g 1 Pa.b:], tlKE for some 


constant M 


(4.2.10) llSjj(f,k,t)-fCt)l| 


kCA.s: 


i-l+I 

n 


i'p[:A,Bn 


iifii 


BpEA,B3 


^l®.£^eSL±i2,4. let f e L^|:a,b 3. If f has 21 c+ 1 
derivatives over I^ with e A.O.(I } and f(2te-l) g b.Y.(I.,), 


then for some constant 


(4.2.11) llSjj(f,k,t)-f(t)l| 


Il(l2)- n' 




{l|f 


(2k+l) 


B.Y.(I,) 


+ Ilf 


( 2 ]£+ 1 ) 


L^cig) '\ca,b:] 


To prove this theorem we require the following propositicn. 

Proposition 4,2,5. Let hG B.V,(I^) and x(u-) he the 
characteristic function of I^. Then for i ,3 gIH° there ho3B.s 
for some constant 

(4.2.12) 1 |Sj^(x(u)lu-t|^l/^|u-.wl ^ ldh(w}l i ,t)| 5 _ 

t Lqvlg/ 

M 

- B'l+'j+n/s ' ^B.v.(ij^)‘ 

Purthermore, if A,B G B and h G B.T .Ca„b 3 > so®® 


constant 
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(4.2,13) 


u 


j/ lu-wld'ili(w)l|,t)j 1 

y t, 


1CA.B3 


32^ 1+ j+l}/2 


INI 




The proof follows in the manner of the proof of 
Proposition 2,2,5 where w© us© moment estimates of esponential 
type operators in place of those of the Bernste in-Kantorovitch 
polynomials. 


pr oof of Theorem 4.2.4. By Theorem 14,1 of [^61 3 
given hypothesis on f implies that for each a e aM almost 


all t e 

2k 


f(a) = ^2^ f^^\t) + ^{5k+iyr 


1 r ^/ n \ 2]£+1 ^ ^( 21 ^+ 1 }/ \ 

rS"k+r)T { * 


We have for t G I 2 

S^(f,k,t)-f(t) = Sj^((f(a)-f(t)) x(a),k,t) 

+ S^((l-x(u))(f(a)-f(t)},k,t) 

(4.2.14) = J^(t) + JgCt), say. 


Por almost all t G Ig 


i=l 


(t) = “ ( S„((a-t/ x(u),k,t)) 
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*t 

(4.2.15) = J^^(t) + J^(t) + J^j(t), say. 

2k .f.(i)/. N 

Now, J^^(t) = ^2^ { {S^((u_t)^,k,t) 

+ Sj^( (x(u)-l)(i;u.t)^,k,t) }} . 

It follows from the estimates of 2^^ aid 2^2 in liBorem 4.2.1 
and an application of lemma 1.2.2 that 


(4.2.16) 1 I J., J 


^1 ^2 ^ ^1 ^2 


Also, as in the estimate of Jg in Iheocem 4.2,1 we have 


(4.2.17) 


1^(12) ” n 


. 2 f 

i “‘Ic+T 1^1 


1 .CA.B3 


By proposition 4.2,5 


(4.2.18) IIJ. 3 II 


\ 1 i.p(2k+l) 




B.Y.(I^) 


As in the case of ^ write 

Ji2(^) = <s„((u-t)2''+\ic,t) 


+ Sj^((u-t)^^‘*'^ (x(u)-l),k,t)} . 

k 

Since 2 c( 3 ,k) = 0, m = 1,2, .. . ,h 

D=0 ^ 

the first term in estimated by applying Leima 1.8.1 

and using tne fact that discarding a countable set does not 
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change -norm. To obtain a -bound for the ^cord term 
we proceed as in the proof of estimate of 2^^ in Theorem 4.2.1. 
Finally 


(4.2.19) 


12 


< 

- rfc+i 


" n' 




Ildg) 


Oombining (4.2,14) to (4.2.19) we conplete proof of the theorem. 


Gor ollary 4. 2..6 . let A,B e 3R and fel^[^A,B3. Iff 
has 2k+l derivatives over la,b: with f^^^^ e A.C.m^AjB^ and 

^(2k+l) g b.Y . [[ A,B]]j , then for some constant M 
(4.2.20) 

I ij.(2k+l)|, ||fj| }. 

" llCAdl LiCA.BH 

Proceeding as in the proof of Theorem 4.2.4 and using 
(4*2.13') we obtain (4,2.20). 

Theoremj4.2.7 . let 1 < p < ~ and f G • Ihen^for 

sufficiently large values of Hj 


(4.2.21) 1 |S^(f,k,t)-f(t)l 




1 


}. 


wiBre M is a constant independent of n and fi 
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the characteristic function of I^. 

writing fx = f, 

I |Sjj(f ,k,t)-f(t)l i < I |S {f-f,k,t)|| 

Ip(Ig) 

+ lls (£,i:,t)-£(t)ll 

Applyi3:3g Lemma 4,1,2 to the first term on the right haLd side 
of the above inequality we obtain 

(4.2.22) I lS^(f,k,t)-f(t)|l < 

+ llSn(fjk»t)-f(t)|| . 

p^^2‘' 

We choose numbers a* and b* such that a^ < a* < a 2 < bg < 
b* < b^* let f^ g ^_^2 denote the StelhLav laean corresponding to 

f . So we have 


^pCs-' 


iJ Ug-' p" 2 


p ' 2 

to application of leMna 4.1.2 to the first term on the right 
hand side gives 
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p'' 2 ^ 


\C:a*,b -3 


+ “■’‘■l^-^, 2 k+ 2 ll 


\Ca,b 3 


(4.2.23) + I .Sn(?tl,2]i:+2ik.t)-fn gjj^gC’t)! I ). 

Applying Tbeorems4.2,l ajai 4,2.4: and using the fact 


( 21 c+ 2 ) 


f 

we have 


= ■ ifCsk+Di 

^iCajbU 


(4.2.24) I |S3^(?n,2k+2»^*'^^“^n,2k+2^'‘^^l 1 






Combining (4.2.83) and (4.8.24) vie obtain 


|lS„(f,i:,t)-f(t)ll 




< “4'. '^'^b.sk+allj^ [}^»,b*3 


-(k+l)| |!^(2k+2) 

ll^n.2k+2 




(4.2.25) +n-*:if-5„^21,^.g|.^ 


Using estimates (1.5.2), (1.3.3) and (1,5.4) and taking n n 
and t = k+1, for all sufficiently large mines of B.it follows from 

(4.2.25) that 
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L (I. 
P -= 


- “5 


Since f = f on 
above inequality. 


+ n-(^+U||f|| 




(4.2.21) follows from (4.2.22) ami the 
This completes the proof of the theorem. 


4.3 INVERSE TlrlBORM 

We see from Theorem 4.2.7 that if 1 < p < “, f e 

^ 0)» then 

[S (f,k:,t)-f(t)| I, = 0(h-“/2), (h - »). 

A corresponding local inverse theorem over contracting intervals 
for the sequence {S^(.,k,t)} of operators is as follows. 

Theorem 4.3.1. let 1 < p < “ and f g 1 rA.Bl . Then 
for 0 < a < 2k+2 

(4.3.1) 1 1 Sjj(f ,k,t}-f(t)| 1 = 0(ll"®/®), (n - ~), 

implies that 

(4.3.2) »g^^2(f,T,p,l2) = 0 (t“), (T-0). 

Remank. In the proof of this theorem without any loss 
of generality we can assume that the function f has a compact 
support contained in (A,B). Eor, let a and b be such that 
A < a < a 3 _ < b^ < b < B. Let x(u) be the chanacteristic 

function of [^a,b_.. 


Then 
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I 1 Sj^(fx,k,t)-(f X)(t) 1 1 < I |S (f ,k,t j 

"ipdi) 

■*■ 1 1 Su((l-x)f,l:,t)l j 

and hence hy (4,3.1) and Lemma 4,1,2 


lSjj(fx,l!:,t)-(£xKt)| I = 0(n"“/®), (n - »). 

Thus (4.3.1) is satisfied with f replaced by fx and the latter 
has a compact support. This implies (4,3.2) as f = f on Ig. 

In the proof , of the theorem we shall require tte following 
auxilliary results. 


compact support c (A,B). Then for i e 3N° and for any fixed 
p 0 s it i ve number A 


(4,3,3) I Sj^( j u-t[ h(u) j ,t )H 




< M {n 


-i/8 


INI 




+ «‘^l I N I 


IpCA.Bl 


}, 


where the constant M is independent of n ard h. 


Proof, Let x(u.) be the characteristic function of 
Using Jensen’s inequality one has 
^2 

/ IS^d u-t/-lh(u) ,jb)|^ dt 
ap 

‘b B 

< / / x(u)W(n,t,u)lu-t|^^'jh(u)p dudt + 


^2 


A 
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^2 B 

"a du dt 

a2 -4 * > 1 

= Ji + J2»®^y* 


By Bubini's theorem and Corollary 1,8.10 


J. < M, 


^ xT^P/^^ |li||P 


I'p(Il) 


Let 6 — min ( a 2 ~a-^jb^~b 2 ) and s = (2^— i)p, Then by Babini’ 
theorem 

B ^2 

^2 1 (l-^(^)M^>t,u)la-tj^^^^|h(u)p dt du, 

A ag 

Since supp h cz (A,B) we have by Corollary 1,8.10 

Lhe lemma follows from estimates of and Jg, 

Lemma 4,3,3, Let 1 < p < o° and h G iv^rAjB"] with 
supp h cz a,b3] j where A < a < b < B, Lhen 


(4.3.4) l|S^2k+2)(i^^^)H _ < M n^-^i||hl| . 

In addition if h has 2]£t-2 derivatives with h^ G A.C. ^a,b^ 

and G 


(4.3.5) llS^^^'*'^^(h,t)l|^ [[ab] ” 


< 1.1 1 1 


I‘pCa,^D 


the constants M, M. are independent of n and h. 
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P^of . By Lemma 1.8.3 for t e 

(2kf2) 

S^2'«-2\h,t) = (n^+3 W(ll,t,u)(u_1;)3h{u)au} , 


where 1,3 e 3CJ° satisfy 2 i +3 < 2 k+ 8 , 

4 s p(t) is bounded over C a,b] , Lemma 4.3.2 Lillies that 


^pLa,b3 


IpC a,b3 




To prove (4.3,5), since for u, t e H ajb^ 

2 lc+ l/ .\i /j\ -1 u 

i=o ^ 

we have 

2k+l ^(i)/^N . 

Sj^( h,x ) = , £g ' f “-IT^ ■ ^ > 

As Sj^(.,x) maps algebraic polynomials into algebraic polynomials 
of same degree (see Lemma 1.8.1) we have 


'ib “ (p(t)r"‘' A 


^ ( S n^'^3 ‘j" W(D,t,uKu-t)3 « 




Hence It follows from ProposltloiJs4.2.2 aal 4.2.5 that 



168 






'ip &»Q 


completing the proof. 

S£ 2 oLi^f , Jhepr Let x^,y^, 1=1,2,3,4,16 
pairs of points such that < ag, < h^, < x^^^ 

^1+1 ^ ^1* choose a function g e such that 

supp g c; (xgjyg) and g(t) = 1 for t e [I^ 4 »y 43 * 


Writing fg = f, for all values of y < t , as in the proof of 
Theorem 2*3.1, we have 


llA, 


2k+2 I 


< llA2k+2 {J(t)-S^(f,k,t)}l 1 


^ ^pC-3^^33 

where x^ = x^ and y^ = yg+(2k+2)Y . 

Applying Lemma 4.3.3, for small values of h 


,2k+2 


f(-b)ll 




< {f(t)_SjjC£,l!:,t))ll 


C ^3 *^3^ 
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This, in conjunction with estimates (1.3.3) and (1.3.2), gives 

(4.5.6) f(t)ll 

^pL.^3’^s3 

< llA®'"’*'® (f(t)-s (f,k,t)}ll 

To complete the proof of the theorem we ah© now left to 
show that 

(4.3.7) 11 <J(t)_Sj^(f,l:,t))ll =0(n-“/^), (n-~). 

As usual w0 prove it by aJi- induction on a* 

Consider first the case when a < 1. By (4,3.1) 

lls,(£g,k,t)-(fg)(t) 

+ lls„(f(u)(g(u)-g(t)).k,t)ll^^j.^^^y^^ 

<Mgn-“/^ |(le(o,k)l l|S4.p(fW(-t)g'(5),t)ll^^^^^^^^^). 

3 ^ 

for some 5 lying Between u and t. 

Applying Lemma 4 .3. 2, we have 

■ Tjjt —a/2 

lls,(fg,k,t)-(fg)(t)11^^^^^^^3i'^“ ’ 

P' ’ 
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whicii proves (4,3*7). 


Now assuming that for some r < 2k+l, the theorem holds for all 
valres of a satisfying r-1 < a < r, we prove that the theorem 
holds good for all a satisfyir^ r < a < r+1. 


We have 


1 lS^(fg,k,t)-(fg)(t)| [ ^ , 

< 1 lS^((f(^)-f('t))g('t)»k,t)l 1 
+ 1 js (f(u)(g(u)-g(t)),k,t}|l 

Jp 


IVL 

(4.3.8) = + J2 ^3’ 


By (1.3.4) and Lemma 1.8.5 
(4.3,9) J3 < • 

First applyi^ the mean value tiBorem ad then Lemma 4.3,2 


we get 
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k 


< els'll ._ {.2 |c(3,k)h 

G(I^) 3=0 

MlSa.nU^(^)-fn,2k+2^^^1*i'^-^l’^^lL r 


_< { n / 1 1 n j2k+2^ ^ 


\Cx2*y23 


+ n“^^'^^^llf-fn^?.v+pr. 


’^»2k+2» 


}. 


Using estimates (1.3.3) and (1.3.4) this is further estimated as 
(4.3.10) < M 4 “2k+2(^>’'»JP»C^l»yi3 ) 

We estimate J 2 s^s follows. J'or some 5 lying betis^en u. 
and t ’ 

(fn,21.+2('l)-fT>,2k+2('‘»^8(>i)-gCt)) 

i=l 


g(n(t) + 

i=l 





2k+l 


,C2>^+1\5)) 


Therefore , J2 5. 

2 k+l 2 k 4 (t)g^3)(t)(u-t)^+^k,t)|l _ 

{ S 2 -Y-T llSnCS,2k+2^^^® - l‘p&3’^3^ 

i^l 3=1 ^ ‘^* 


} + 
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2k-fl - 

i. r ri 


+ xmiji ^ i=i 3T ^ 




2k 
+ { I 


r^'k+Tjm 

[ \t )S^((u-t)^ if (^-w)^^’^V^|^(w)dw } ,k,t)j| 






((2k+l)! ) 

p ^ 

( 4 . 3 . 11 ) Z^+ I 2 ^ h ^ 4 * 

By propositions 4.2.2 and 4.2.5, for any fixed positive 
number a , 

"s - “6 ^ 




and 


^4 < % 


n^n^Sk+Bll 


^d C^2’^2 ^ 






Using estimates (1.3.2) and (1.3*5) 
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( 4 . 3 . 12 ) Sj < “sk+ 2 (^''’>P.iI^l.yiD) 


and 




(4.3.13) S 4 < “ 2 k+ 2 (^’''>P>Cxi.yin ) 


+ 7e+t;i II^I: 


\ C A.BD 


>. 


It follows from lemma 1 * 8,1 and the fact 


k 


2 ^ m— "t iiQ^t 

3=0 3 


M, 


2 k +1 


JXT -J- / 4 \ 

^1 1 "T+1 (2 IlfJ 2k+2ll r - 1 ^* 

It follows from Corollary 1 . 8.2 that 


m; 2 k +1 


>(i) 




Usii^ Lemma 1 . 2,2 and then applying estimates ( 1 . 3 , 2 ) ani ( 1 , 3 , 4 ) 
to the right side of the above two inequalities we obtain 

( 4 . 3 , 14 ) Z 4 < ^ 

21 n 

+ ll^ll 

IpCA-B] 


and 


M, 

+ Itll 


(4.3.15) Eg < 
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By the induction h^^pothesis we can assume that 

(4.3.16) = 0(n“-l), (n -* o). 

By Corollary 1.3,4 this implies that 

(4.3.17) "2i5;+i(f,^,P,[;2:i,yi3) = 0(Ti«-i), (n -* 0). 

Therefore, by taking n = n"V2 £ = 2k+2 inequalities 
(4,3.12) to (4.3,16) and estimates (4.3.16) and (4,3.17) imply 
that 

Si, Eg, Eg and E^ - * 

Putting these estimates of Ej^. in (4.3.11) we conclude that 

M ' 

(4.3.18) 

Prom (4.3.10) and ([4,3,16) we obtain 

(4.3.19) Jl<-^2-- 

Prom the bounds for J^, Jg and Jg we finally obtain 
from (4.3.8) 

||s^(fs,k,t)-(fs)(t)|| _ = 0(W®), (n-~). 

This proves (4,3,7). 

4.4 SATIffi ATIOI THEOREM 

In this section we show that as in G-norm (see 
Lemma 1.8.7) the linear combinations Sj^(.,k,t) of regular 
exponential type operators are saturated in L^-norm (1 < p < “) 
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with the order Furthermore, we see from 

Theorem 4.4.1 (proved in this section) and liemma 1.8.7 that the 
larger the p the smaller is the saturation class. But the 
trivial class is essentially the same for all p (1 < p < «>), 

IMorem . 4.4.1. let 1 < p < oo and f e IptlAjB], Then, 
in the following, the in^lications ’*(i) ==> (ii) ==> (iii)»* axA 
"(iv) ==> (v) ==> (vi)" hold. 


(i) ,:Sj,(f,k,t)-f(t)|l = {n-.»); 

(ii) f coincides a.e. with a function F on Ig having 2'k+2 

derivatives such that (a) when p > 1, G A. 0 ,(l 2 ) 

and G IpCie)* and (h) when p = 1, 

F(2k) g j^,o.(l 2 ) and G B.V.(Ig)| 

(iii) l,S_(f.k,t)-f(1:)|l = 

(w) I lSjj(f ,k,t)-f(t)l I , = o{n (n - 

(v) f coincides a.e. with a function F on Ig, where Fis 
2k+2 times continuously differentiable on Ig and 


satisfies 

Q(3,k,1:)E‘3)(t) = 0, t 6 Ig, 

3=k+l 

where Q(3,kj'fc) sxe the polynomials occur ing in 


(vi) 


Lemma 1.8.5| 


Sn(f,k,t)-£(t)ll^ (Ig) 


= o(n-('=^+0), (, 
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s®® from the proof of saturation theorem of 
Chapter II (Chapter III) tha,t crux of the proof is lemma 2«4*1 
(lemma 3,4.1). Here we prove a similar lemma. 

4 .4_. 2 . let 1 < p < “, he 'Jipj^A,B3 with 
supp h Cl I^ and g e with supp g cl®, lien 

(4.4.1) 1< S^(h,k,t)-h(t),g(t) >1 < :ii 11 "11 

where M is a constant independent of h and n. 

proof of Lema. By def inition 

k 

< S (h,k,t)-h(t),g(t) > = B {c( 3 ,k) < S. (h,t )-h(t ),g(t ) >} 
n .^0 a.n 

k 

= 2 {c( 3 ,k) < h(u),S^ ^(g,u)-g(u) >} 

j-0 3 

= < h(u), S*(g,k,u)-g(u) >. 

Hence applying Lemma 1.8.11 to the right hand side of the above 
identity we obtain 

|< S^(li,k,t)-h(t),g(t) >1 < J+T (I )■ 

jL ^ 

How the rest of the proof of this theorem goes along the 
lines of the proof of Iheorem S.4.1. Henoe we omit the details 



CH^TERjr 


^ AIORI MODUI CATIONS 

OT JXPpNEMi pmAIORs' ' ^ ’ ' — 


In this chapter L^- approximation by interpolatcry 

modifications .jt) of regular exponential type operators 

(Section 6, Chapter I) is studied. Unlike the case ceC Bernste in- 

Kantorovitch p olynomials, here we have to divide the kernel 

m +2 

W(n,t,u) by (| u-tj +1), m < m^ to make the operators j^(.,t) 
Ip-bounded. Ihis is shown in Section 1. In Section 2 we obtain 
error estimates in I -norm (1 <.p < “) in terms of derivatives 

ir 

of the function and also in terms of (iiH-l)th integral modulus 
of smoothness of the function. In Sections 3 ani 4 we prove 
inverse and saturation theorems. As before, the results are 
in a local set-up over contracting intervals. 


5.1 BASIC APERO iniATION 

In this section we first obtain a formula expressing 
moments of modified exponential type operators 1^ terms 

of moments of exp onential. typ e operators S^(.»t), Next, we prove 
that the operators S^^jj^(.,t) are Ip-bounded over contact subsets 
of (A,B), Using this we finally prove that they constitute an 
Ip -approximation method. 

lemma 5.1.1. let K be a contact subset of (A,B). Tten, 
for k 0 IN there hold 
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(i) 

(ii) 


If k < m, = Oj 


= (-l) + 

uniformly in t e K, 


)» (n 


co) 


$ 


(ill) If k > m+l, 


as n - 00 , uniformly in t e K, where a^’s are certain 
real numbers. 

Proof^. fe have from (1.6.2) 


Sr. »-t) 


n,m 
B 


(5.1.1) =/ 

^ l+jo-tl 

m „3/2 D-1 


X { I ( n (t-u - .p ) ) ( A u-t r) } du, 


nV2 

where product n (t-u— for j “ f* interpreted as 1 and 


3=0 i=0 

D-1 
n 

i=o 


“■ 1 %• 


Prom (5.1.1) and (3.1*3), (i) of Lemma 5.1.1 follows. . 
Also i as in Lemma 3.1*1, 

c; /'('n +'.“+1 +'! -(' 1 .,( n (u-t+ -’^yp,)) du 

,t) - (-1) J ■ ^1/S 

^ l+lu-t| 


= (-1)’^/ f(n,t,u)( (u-t+ ^^^^)) du 

A ir^O ^ 


m 


B 
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B 


/ . \m r W (n, t^u) 1 4.1 o"^^/ „ / 4 . i \\ 

^ l+|a-tl ° 1=0 n / 

(5*1.2) = J^(t) - JgCt), say. 


du 


m \ B 


nH-m^+S-r 


As lJp(t)l < { 2 “ rV?- / W(n,t,u)| u-t| du} , 

^ r=0 A 

where h^^’s are positive numbers; applying Corollary 1.8.2 

(5.1.3) 1 JgC-t)! < ^ , t e £. 

n 

Thus ( ii ) fol3r)ws from (5.1.2) and (5.1.3). 

(iii) Proceeding as in the proof of (iii) of Lemma 3.1.1, we 
have 

j=0 i=0 nV2 r=0n/ 


where axe certain real numbers. Hence by (5.1.1) 

kr-l a_ ' 

”r72 ^n^ 
r=0 n ' 


fc-T 

// ”v / f. q »t)> 

J(u-t) ,t) = 2 m_+2 » 

Al j JIL -1/-1 


l+|u-tj ° 


(a-t)>“ Ktl “ 

l+ju-tj 

Proceeding as in the estimate of JgC ) ' 
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(5.1.5) 1 Jg(t), < , t e K. 

(5.1.4) and (5.1,5) complete the proof of (iii). 
Coro l lary 5.1.2. There holds 


(5.1.6) S^^J(i^-t)“+^,t) - (-1)’^ 


where is a polynomial in t of degree < HH-I aM 

qjjj^l(t) > 0 on (A,B), The o-term holds uniformly with respect 
to t G K. 


proof . Proceeding as in the proof of Corollary 3,1.2 and 
using Lemma 1.8.1 we obtain (5.1,6). 

Theorem 5.1.3. let 1 < p < <» gjad f e b TAjS! . Then 
for any positive number a and sufficiently large valu.es of n 




<M{||f|| +n"''l|fll ), 


M being a constant independent of n and f. 


proof. A typical component of ^(f,t) 



m ^ 

l+|u-t| 


I (^n^ (t-n- 

3=0 ^ * i=0 n / 


is of the type 


c / . (n^/^(t-u))3'^ f(u)du = T^(t), say, 
A HI + 2 ' 

l+;U-t| ° 
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where o,r), 0 < '3 < m, 0 < r < 3-I aM c is a scalar 

(when j = 0, r "takes value *0* only). Let x(u) be characteristic 
function of tla*,h*^ where a^ < a* < ag < bg < b* < b^. 

Using Jensen’s inequality 

/ lq(t)lP dt 

b 

< .olf / / ? 

^2 (l+ju-tj ° ) 

= I c I ^ n^ )p/2 { [ t-u| ^ I A ( u) p du dt 

ag A f 



= Jf + Jg ) say • 

j^pplying Pubini' s theorem and Corollary 1.8.10 we have 
for large values of n 


(5.1.8) Ji<iq(|fll 


iidU 


lo estimate Jg, we note that for some > 0 there 

exists a o„ suoh that for aU t 6 Ig and |ui > 11„ , 
lu-t| > Cq 1 u[. 

n n-f n mhich H© 311 * 

Also, for those values of u whicn J-r o» o , 

/ .,* T-)*-b ). lu-tl > 6* 

we have, with 6 = min (ag-a ,h -»2^» I I - 
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Hence 


Jg = jcp n(3-^W2 / ,( r ^ j. ) t,u) 

ao uKm. U 1 > 1 ^ ‘ 




< jop n(3-r)p/2 / j -_U-xWWn.t,u) ^ 

^2 l‘‘l<»o 62‘P(l+lu,tl“a''^/ 


* l 4 ^ f(a)lP du at 

bp 

(5.1.9) + opn^j-^WS/ f ,(l->!ld)). >■ 

aglal>M„ 

1(U)1P du dt 

Using Hubini’s theorem to interchange the integrals in u and t 
we obtain from (5.1.9) 

bg 

Jo < Mp n^ )p/2 { j / f(n,t,u)|t-u| A^f (u)p dt du. 

M <\ ^ 


+ / / 

I > % ag 


dt du } 


u- 


(5.1.10) 


- Jgl t Jgg, say. 


•^Ppbyi^ Gorollary 1.8.10 we obtain 



< % 


n 


-£p 


l.fii?, 





(5.1.11) 
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J 22 is estimated as follows. Let s > (j+2i-r}p be an even 
integer . Then, writing 0 = (j+Bii-r )p/s, from Holder's 
inequality and (1.5.8J 


^2 

/ f(n,t,u)| u-t| ^ dt 

< (/ W(n,t,u)(u-t)® dt)® (/ W(n,t,u)dt)^”® 

< (a(n))^“® (/ W(n,t ,u)(a-t)® dt)®. 

^ B 

By Corollary 1.8.9, J w(n, t,a)(u-t)® dt is a polynomial in u of 


degree <_ s; hence 

B 


”lir 7 Sl"+^*}p W(n,t,u)(u-t)® dt)®, as a function of u, is 

O 4^ 


u 


bounded.. Moreover, Corollary 1.8,9 implies that 

B __ . M. 


I'm 


u 


^+£ 1 + 21 ? W(n,t,u)(u-t)® dt)® < 


Therefore, 


j < m; I lA^ f(u)p du) 

^ ' a| .>,Mq 


(5.1.12) ^“5 

Collecting (5.1.8) to ( 5 . 1 . 12 ) we see that 


t 31 






“ ihil. 


). 
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Since is a typical component of tHe theorem 

follows from the above L -estimate of 1 (t), 

P 1 

let l<p < CO and f G l'p[lA,B]|] , Then 

for some constant M 


5.1.13) l,Sjj_^(f,t)ll 


proof , proceeding as in the above theorem with the 
characteristic function of [Ia*,b*[] replaced by characteristic 
function of we prove (5.1.13), 


Theo rem 5. 1^. 5 • 


Let 1 <_ p < °° and f G 1^ Then 


(6.1.14) llf(t)-S„ = 0(1), (D - 

p (S 

pr oof . We choose a sequence { f^' > of continuous 

functions having a compact support c (A,B) such that 


(5.1.15) 
Then, 


f„(t)-fCt)l| - o(l), 

ipCip 






£/ p^ 2 ' 


( 5 . 1 . 16 ) = 




, say* 
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By Theorem 5«1*3 we have -for any £ > 0 


Then for a given G > 0 it follows from (5.1.15) that for large 
values of n and a 


(5.1.17) <e 

1^(13) “ 

and 


(5.1.18) G. 

Therefore, to complete the proof of theorem we have to show now 
that 


,, <e- 

As before writing 

^ 2 /^ D-1 n- ■? 

P^(t,u)= Z {~:^(n (t-U-.^^,^)) fju)} , 

j=0 i=0 n ' 

J„(t) = / tf(n,t,u)(P(y(t,u)-.fjj(t)) du 

_ |a-t|^°'^ Pjj(t,u) du 

l+ju-t| ° 


(5,1.19) = 

A typical component of is of the type 

(because A 3 f(t) = 0 as A acts on u-part only; 

: o , ■ ■ 
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= c n(3-^V2 i i « 

- taCt)} du) 

(5.1.20) = 0 iS3-^VS { I ^ 

s*~ u ^ 

where 0 < r < 3-1 and c = c( 3 ,r) is a scalar. 

We estimate 2^ as in the proof of theorem 3.1.4. Applying 
lemma 1 . 8.2 we obtain for a given e > 0 

l^gCt)! < Mg -("jrr'j/g (G + ^)» t e 

Thus 

(5.1.21) 'lJ 3 i(t)l| <M^(e + i}. 

^p ^^2 ^ 

A typical conponent of l 22 (t) is of the type 

c., n^3-J^)/2 j — (u-t)^“^| lutj ° f(^(u) du 

^ l+lu-tl ° 

= T(t), say. 

Since is bounded over (A,B), we have by C( 2 rollary 1.8.2 

Hence the condition m < implies that 

(5.1.22) llJs2(^^llj, 

Since e > 0 is arbitrary, tbe theorem follows from (5.1.16) to 

(5.1.22) . 
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2°££iiaa.5..M- let 1 < p < „ 3^4 f e I, 


(5.1.23) 


f('t)-Sn m(f,t)j I • = o(l), (n - c«). 


Proceeding as in the proof of Corollary 4.1.5, (5.1.23) 
follows from Corollary 5.1,4 and Theorem 5.1.5. 

5.2 ERRO R ES TIMA TES AHD A DIRECT THEOBIM 

As in the case of the interpolatory modifications 

P^ „(.,t) of Bernste in-Kantorovitch polynomials we show here 

that ^ . ,t ) } converges more rapidly for smoother functions 

in L -norm (1 < p < °°). We estimate rate of convergence in 
P 

L -norm in terms of norms of derivatives of the function and 
P 

also in terms of an (mtl)th integral modulus of smoothness of 
the function. Last result of this section is a Voroncvshaja 
type asynptotic formula for the operators 

Theorem 5.2.1, Let 1 < p < “ and f 6 1 „[;a,b 3 . If f 

y 

has mtl derivatives over with f^ ^ G A,0.(I^) and 


^(m+l) ^ (i^), then for sirCficiently large values of n 

0 1 ^ 


(5.2.1) 












li 


where M is a constant, 
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With the assumed hypothesis on f, for all t e I 
and u 6 I ^ we can write 

(6.S.8) £(u) = dw. 

*t/ 

Let x(u) be the characteristic function of Ca^b*] where 
a^ < a* < ag < bg < b* < b^. Then for t e Ig 

l+lu-tj 0 


B 


^ 1+1 u-t j ° ^ 1+1 tut] ^ 

B (l-X(u)W(n,t ,u) 

— J" (P ( t y u)— f ( t ) ) du 

l+;U-t| ° 

B x(u) W(n,t,u) B wrn t n) . .“^0+2 

f (t))du-f('t) / d'+P i ^""^1 


m +2 
o 


du 


A 


1+j u-t 


m ^+2 


^ l+|u-t| ° 


(5.2.3) = J^(t) + Jg(t) + JgCt), say. 

We first obtain a L -estimate of Jg{t). It follows from 

P 

from (5.2.2) and (3.1,3) that for t e Ig 

m 3/2 3-1 I 

X(u)(P(t,u)-f(t)) = ^ X(u) (t-U-^j^g)) 

: , t • 
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i— 1 

This implies that after writing rr /'f n i \ 

vv xoixig } in the summation 

1=0 nV'^ 

form and using identity 

Jys^’ 

a typical component of JgCt) can be written as 

(j-r-k)/2 W(n,t,u) 

° ' i “ — — - (u-t )3 

^ l+ju-tj ° 


u + 


t 




= ^Ct), say, 

where l2('t: ) = 12^'^’ D>^>s>^)» 0 < 0 < ^ ^ 1 0"^» 0 1 s < 3, 

0 < k < m and c is a scalar. 

We rewrite O’® 

Mr k)/2 x(u)W(n,t,u) .M-r 
(5.2.4) Tp(t) = c / ’“‘'m +S 

^ l+ju-t| ° 

U+ ‘ 1/2 N 

x< /(u-w)'"-V“^^\w)dw + / ^ •(u-w)“-¥“^^\w)dw} du 

t . u 


Proposition 4 . 2.2 implies that 

(5.a.5) l.igjl^ 
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Also, proceeding as in the estimate of IggCt) in theorem 3,2,1 
we obtain a bound for o^y difference 

being that instead of applying the estimate 

iL 11^ 

/ K(n,t,u)[ t~uj ^ ^ dt < 

we use 

B Z n r ')n 

/ w(n,t,u)^u-tp 3 - P at < 

lAn ^ 


which follows from Corollary 1.8,10, Thus for large values of n 


m; 


(5.2.6) 


llf(»l)li 




It follows from (5,2,4), (5.2,5) and (5,2,6) that 








and hence 
(5.2.7) IIJ 


. ^ . 1 

(Ig) 

p ^ 


Applying Corollary 1*8,2 

n 


for all t G I 2 * Hence 

(6.2.8) liJg(t)ll^ ^ ^(*2V2 


M, 


Ilf 11 





Now 


Jl(t ) - / 5(t,u) du 

1+ I U-t I ° 


- f(t) / 
A 


B (l~x(aj)W(n,t,u) 


l+ju-tj 




du 


“ J 2,1 ^ ^ ^ “• J ^2 ( ^ ) > say • 

Bet 6 = min (a 2 “Q'*jB*-’bg ) and be a fixed positive number. 

Then presence of the factor (l-x(u)), by Corollary 1.8.2, implies 
that 




B 


1 ^ (l-x(u))|u-t|^*' W(n,t,u) du 


m’ 

< -~ lf(t)|, and hence 


Mr 

To obtain a bound for | proceed as in 

the proof of estima^te of Jg in Theorem 5.1.3. 

Yife get 


m: 






The L^-bounds for corresponding 


Lp-bound for a-s 

(5.2.9) 


’^1 


Jill — 


<4 iifil 




follows from (5.2.3), (6.2.7), (5.2.8) ami 


The theorem now 
(5.2.9) upon taking = (nH'2)/2 in (5.2,9) 
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Let A,B e E, 1 < P < “ and f e L^[i.,B;j , 
If f has HH-l derivatives over []A,B3 with f e A.C. [^A B]] 

( HH" 1 } r“ — I 

^ 6 ’then for some constant M 


(5.2.10) 1 lSjj^^(f,t)-f(t)l 






L'roof . Proceeding ais in the proof of above theorem and 
using second assertion (4.2.3) of Proposition 4.2.2 to obtain 
L^-bound for the function conplete the proof, 

theorem 5.2.3. Let f e L^ Ca,b 3. If f has m derivatives 

over I ^ with e A.G.(I^) and f^™^ e B.V.(I^), then for 

sufficiently large values' of n 


(5.2.11) I Sjj ;„(f,t)-f(t)l) 


iiCig) 
.(m) 


i “ ‘™C55T77^I 1^ " I Ib.t.(ip" *I,CA.B3’’ 


where M is a constant. 


Pro^f. As in the proof of Theorem 5.2.1 we write 

(5.2.12) = J^Ct) + JgCt) + J3(t), 

where J^(t), J 2 (t) and J3(t) are given by (5.2.3). 

Pr oceeding as in the case of Lp-estimates (p > 1) of 
J^(t) and Jg^t) we obtain 
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(5.2.13) I [J^ 1 and I 1 1 


Ml 


>(m) 


How f G B*V.(I^) implies by Theorem 14.1 of {^61^] 
that for all u e and for almost all t e I 

(6.2.14) f(u) = 2 L^r*,t + ^ /Vw)“ df(“\w). 

1— U • -{j 

As in the proof of (i) of Lemma 5.1.1, this implies that 
x(u)(I'(t,u)-f(t)) 

1 m vi 3/2 0“1 • • u. / \ 

~ iT ^ ■■"A’i " ■( ^ (t-u. — (a-w)®df^“^(w))) } . 

3=0 i=0 t 


Putting this in the expression of (5,2*3) we fiM that 

a typical term is of the type 


„( 3-r-k)/g / 


1+ 


V2 


U-f 


(t-u)^"^{/ 

t 


U-W )’““%^“\w) ) d u 


= IgCt), say, 

where 0 < 3 <m, 0<r< j-l, 0 < s < 3, 0 < k < m and c is a 
scalar. 


Phis is further decomposed into two parts 

/ . 1 \/o B x(a) W(n,t,u) - „ 

0 n( 3 -^-^VS/ 

l+lu-tl ° 


l^(-b) 


A 


U+ “ 


x{ /^(u-w)’^“^df^^\w)+/ (u-w)““%f^®\w) > du 

■h u 


(5.2,15) = Tg^(t) + ^^^(t), say. 
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By Profosition 4,2.5 


M. 




B.¥.[:a*,lD*3 


lo oBtain a L^-bound for the function 3 }g 2 (t) we proceed 
as in the proof of estimate of 5]heorem 3,2,1. ihus 

using adjoint moment estimates of S^(,,t) gii/en by 
Corollary 1,8.10 instead of adjoint moment estimates of p (.,t). 
for large values of n we obtain 


(5.2.17) 1 I 


M 


< - 


^^(Ig) ■" n 


'2 M£(m)|| 


Im+l)/2 


B.Y.(lV) 


Thus, (5.2.15), (5.2.16) and (5.2.1?) imply that 




and hence 


M 

(5.2.18) ^ i ■^'(nH-l)/S 


l|f(m) 


X. B.V.(I^) 

The theorem follows from (5.2,12), (5.2,13) ani (5,2.18). 

0 or olla^Y 5,2,4 . Bet A,B G ^ and f G B^|[]A,bJ, If f 
has m derivatives over the set with G A.C.^AjB^ 

and f^“^ G B.V.[;a,b 3 then for some constant M 


(5.2.19) 1 


<*'psfn7S"" "b.¥.Ca,b3 
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Proceeding as in the proof of the above theorem 
and maldng use of (4,2.13) of Proposition 4.2.5 to obtain an 
Lp -bound for we obtain ( 5 . 2 , 19 ), 

Th^_^rem___5._2^.5_. Let 1 < p < oo and f e 
for all sufficiently large values of n, 

(5.8.20) llS (f,t).f(t)l| 

< M + ;r5F57/2 ibii p 

where M is a certain constant independent of n and f. 

Prpof . with a*,!* as before and f^ being the Steklov 
mean of (m+1 )th order corresponding to f(u), we have 


^p^^2^ p^^2'' 


+ lls. Tn^^n rru- 1 5*^-) .Tn4-1. 




P 

Applying Iheor ems 5 « 1.3, 5,2,1 (p > 1) a^d 5.2.3 (p=l) to the 
first and second terms on the right hand side of the above 
inequality and upon taking ^ = (irH-2)/2, for large values of n 
we obtain 






< { I ^-^Ti jirrt-1^ ^ 




+ - V ?■ .1 ' V- /V.- 1 I f 


(ffitl). 1 4- 
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n 







lp[;A.B3 ^ 


Using the estimates (1.3.8), (1.3.3) and (1.3.4) of Lemma 1.3.1 

^1/0 

3fiid. n n vvo o*b*tcii3i tiiis 1^631111/* 

^£££ 62 . 6 , 8 , 6 . Let f e c“l with supp f ^ i^. ihen 

-,.,1. _Tm+l 


(5.8.80) S,,,(f,t)-f(t) = ,^^^J-lC^;^^ 


+ o(“ 


and 


n 


’(bh-1 )J2 


jf (n -* oo) 


(5.2.21) (3^-*“}, 

uniformly in t G I^, where qjjy.i('b) is as defined in 
Oorollary 5.1.2. 

Proo f. Given that f is m+l times continuously 
differentiable, we have for some 5 lying between u and t 




Applying the operator S„ „(.,t) on both sides of the above 

XI j iw- 

identity and using (i) of .lemma 5.1.1, we obtain 

= f{t)(S„^„(l,t)-l) + S^^J(n-trKt) 

+ S^_„((u-t)"\f‘"n(5;.f(»l)(t)),t) 


(5.2.22) = J^(t) + Jg(t) + J 5 (t), say. 
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By Oorollary 1.8.2 for t e I. 


= lf(t)(/ |u-tl 


m^+2 

0 


^ l+|a-t| ° 


r ^r>+2 

< 1 fsj W(n,t,u) lu-t| ° au} 

G(I^) A 

M M 

(5.2.23) < “(V-+a)7J < -(•m|.5')72 • 


Applying Corollary 5.1.2 to JgCt), we obtain 

(5.2.24) J2(t) = 'I'— -y'^^TT/g 

It remains to estimate Jg(t), a typical component of wiiich is 
of the type 

^ jj(3-r-k)/2 /_.WiB,tju) (u.t)™-l+3-r-l:(f(i»H)(5^)_f(t)) du 


(5.2.25) = T(t), say, 

where 0<j<m, 0<r< j-1, 0 < k < mtl, 0 < s < 3» Sg lies 
between u + and t, and c is a scalar. 

let e > 0 be given, dfe proceed as In the proof of Theorem 3.2.6 


to show that 


(5.2.26) 


/ l^ 

|I(t). < •TiM.’iJ/g (® + s)- 


Since e > 0 is ai^bitrary, we 


find from (5.2.25) and (5.2.26) that 
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(5.2.27) J^Ct) _ (n-co), 

uniformly in t e I^. 

Ills f ir si asseriion of iho ihsoreiii now follows from (5.2.22) 
(5.2.23), (5.2.24) and (5.2.27). 

proceeding as in the proof of (5.2.20) and using (i) of 
Lemma 5.1.1 

we obtain (5.2.21). 

5.3 IWERSE THEOREM 

In this section an inverse theorem for { jj^(.,t)} in 

L -norm (1 ^ p < °°) is proved. 

Jr 

Th eorem 5.3.1. Let 0 < a < mfl, 1 < p < °° and 

f G L^r AjE”" , Then 
P 

(5.3.1) .[S^ , = 0(n"“/^), , (n - ») 

implies that 

(6.3.8) a.j^],(f,T,p,Ig) = 0 (t“), ( t- 0). 

The proof of the theorem mahes u.se of the following two 
lemmas which we prove ficst. 

1 < p < ~ and h e L^Ca.B^. Then 
for any fixed positive number ^ and sufficiently lange value of n 
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(5.3.3) I lS^^j^(|u-t| I 

< M {n"V2| j2i| I 






where M is a constant independent of n and h. 

A typical conponent of S (ju-tj .jh(u)| ,t ) is 

of the typ e 


(j+k-r_i)/2 W(^t,u} ,, 4., k 

1+ 1 u-t I ° 


c n 


A. 


n 


1 / 2 ^ 


= 2(t), say, 

where T(t) = T(t; 3 ,r , s,k) , 

0 < D < m, 0 < r < 3-1 (when j = 0, r = 0), 0 < s < 3, k = 0 or 1, 
and c is a scalah . 

Let X(a) he characteristic function of Q a*,b *3 where 
a^ < a* < 82 <^2 ^ h*< h^. Also let © = 3+k-r-l. 

By Jensen’s inequality 

^2 

/ lT(t)l^ dt 
^ h 

< (lolnS/®)® / iu-tl(9+1^5lh(u+ dudt 

ag A (i+|u_t| o f 

*^2 B x(u) I p 

= ( c|n®/2)P{/ / w(ji,t,u){- lya^l + 

^2 ^ (l+ju-tl ° f “ 
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( l-x( u) ) j U-t j 

+ - + -S 

(l..|u-t| ^ f 

(5.3«4) = J^ + Jg, say* 

It follows from the proof of estimates of and Jg of 
Theorem 5,1.3 that for any fixed positive number i and for 
sufficiently large values of n there holds 


< 


M. 


n 


-p/2 


"""VH. 


aoi 


The 


Jg < M n-^^" |lh||P 

estimates of and Jg imply by (5,3,4) that 


< ||u||_ _ _ + Ji-’’ llhll 




1 yii) 

Hence, T(t) being a typical component, ?/e obtain (5.3.3) 


} . 


i'or h G Ii .[:a,b 3 where 1 < p < 0 ° and supp h c (A,B), 
P 


we define 


B 


(5.3.5) jiCB.-t) = S W(n,t,u) ^ 


A 

XQ. "1 ”1 ^ 

X { I -~( n (t-u-^l/K)) h(u)}du 

3=0 i=0 n-^/'^ 


lem ma 5.3.3. Let l<p < BGl^j^A, B^ 


supp h ^ Q a,b^ where A < a 'C b < B, Then 


(a.5.6) Ca.O ’ 

P 




where M is a constant irdeperdent of n and h. 
Moreover, if h has iw-1 derivatives over Ca,h2 with 

h^^-^ G A.G, an*^ £ 1 Pa,h]3 then 

XT 


(5.3.7) 




I'plla.tn 


the constant M' is independent of n and h. 

Proof. As in the case of P^“J'^^(h,t) in Lemma 3.3.3, a' 

Xx ^ XnL 

typical component of S^^^^(h,t) is of the type 

^l/2 ^i 3 

r 3i+rp r 

t / W(n,t,u)(u-t) ^ ^ ^ h(u)du}}} 

A 

= ^^^(t), say, 

where 0 < k < m, 2 i^+ 3 ^ < nn-l-k, k<r 2 <m, kjCr^^r^, 

0 < rg < ^1“^2 ~ c is a scalar and SiXe the 

polynomials occuring in Lemma 1.8.3. 

Since p(t) is bounded over Ip, by Lenma 4.3,2 we obtain 


li%(t)ii, ^ 


IpC a,b3 


imi 


This proves (5,3,6). 

Next, writing 

h(u) = 2 h^^\t) + |r / (u^w)“ h^®^^\w) dw. 
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aM operating by on botii sides we get 

= sr si"iVVw)“ bC“i)(w)dw, t), 

w 

since (it-t}* ,t) = 0, i= 0,1,,.., m. 


As in Lemmas 3,3,3 and 4,3.3 a typical component of t) 

can be represented by 


c n 


(nH-l-k)/. \ 

(r.+r.-m)/2 i ^i 3 B 


x(u-t)^^ ^{ / (li-w) ^ h^“'^\w)dw } du } } } 

t 


ll» 2^ 

^3 

\l/2 


A 


= l5(t),say, 

where i;i^> ^.re as in I^(t) and 0 < < la. 

proceeding as in the proofs of estimates of IgCt) and IgCt) in 
Theorems 5,2,1 and 5.2.3 respectively, for the cases 1 < p < ~ 
and p = 1, we obtain 




IpCa-bl 


< Mg 




This implies that 


^pC 


<M' 




completing proof of (5,3,7), 
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Proof of Theorem ^.3,1. »e choose points Zi,y.;fci, 8 , 3,4 

3U0h that a, < < ag, < y. < ^ ^ 

We choose a function g q with 

for t e |:x4»y4 3- 


supp 


S <= ( 2 : 3 , y^) aM g(t) = 1 


S„^„U,t) = /„WCn,t^u^)^ ?(t,u)da 

ill 4-1 O 


1+1 u-tj 


B 


/ W(n,t,u) i(t,u)du 
A 


B 


f _ W(n, t.u) , i^o"^* ” 

~ "i ‘ " " m +2 5'(t,u) du 

^ l+[u-tl ° 


(5.3.8) 


B 


i(t,u) du 

^ l+[u-t[ ° 


By (5.3.8), for sufficiently small positive values of y 

IIC^ f(t)ii 




^pC^sjysH 






<||A^l{f(t)-S (f,t))|i 

’ i-pC^^s-ysn 







B 


. I {/ . wfet.u)^^ I „.,i v® I 

^ l+lu-tl ° ^nC^^.ysD 


(5»3,9) - J^'*' ^2 '*’ '^3* ®^y» 


Proceeding as in the proof of Theorem 4,3.1 




hy Lemma 5.3.3 where n > 0 is sufficiently small. 


This, in conjunction with the estimates (1,3,E) and (1,3,3), 
irplies that 


(5.3.10) Jg < + n“^°^^^)Vi(f,Ti,p,Cx2,y23 ). 

We obtain a hound for as follovvs. 

let 

T(t) = c n^3-i^)/2 f(u))du, 

^ l+|u-tj ° 

where 0 < r < j-l and c is a scalar. 



iCVO 


It follows from lemma 4,3,2 tliat 


|ll(t)l 




< - 




M, 




C onseqaently 

M’ 

(5,3.11) J, < 


^pC^s-ysl 


3 ^ ^(mS}/2 ll^ll. 


Thus, by (5.3.9), (6.3.10) ani (5.3.11), we obtain 

f(t)i 


(5.3.18) ' ' ■ 




< ||4*^{f(t)-S^^^(f,t))ll 


I'n[l2:3.y33 


+ Mg "^(h^™'^^/^+n‘^”*'^b«^3^(f,n,p,Cxg,yg3 ) 

+ H3 i|i|i 

C ^3 * ^3 ^ 

low to complete the proof of the theorem, as in the case 
of the earlier inverse theorems in Chapters II, III ani lY, we 
are left to prove that 


(5.3.13) 1 [ { f ( t )-S^^ 2^( f ,t ) } 1 1 




= 0(n"«/^), (n - «X 


We first prove (5,3.13) when a < 1-. 



Using (5.3.1) 






< l|6(t) {Sjj^^(f,t)-f(t))| I 


i-pC^'s.ysH 




M' 


11^3 »y3 1] 


(5.3.14) 1 lS3^^j^(f(u)(u-.t)g’(5),t)| 




(where ? lies between u, t). 

Proceeding as in the proof of Lenana 5.3.2, for any fixed positive 
number z and large values of n 






(5.3.16) < {ll"V2| |f| I 


+ lli|l 


^pC^E>ysIl 




). 


Combining (5.3,14) and (5.3.15) we obtain 


|S (fg,t)-(fg)(t)ll = 0(n"“/^), (n - 


proving (5,3.13). 


Next, assuming that for some r < m, the theorem holds 
for those values of a satisfying r-1 < a < r, we show that this 
is also true when r < a < r+1. 



Using (5,3.1) 


(5.3.16) IlS „(fg,t)~(fg)(t)(j 

-rjTTr'*’ _ 

Now, 

llSn,m(*('‘Xg(u)-g(t)),t)|l 

- 1 jj^j^(u))(g(il)-g(t)),t)l I 

llSn,m(^,*l(1=X8('^)-e(t)).t)lL p 

(5 .3 .17) = J^ + ^2 '^ 3 » say. 

As in (5,3.15), for any fixed positive number £ 


< M, 


4 




rijlTH-l 




ygl 


ii“'‘ f-f 

n. 


iw-1 


11 >• 

ip&.i 


Applying (1,3,3) and (1,3,4) to the right hand side of the above 
inequality and taking z = (iih-1)/2 


(5.3.18) {n"V8o,^^(f,n,p,[;x^,yj^3) 

+ n-E"«-lV2 llfll }. 

Lp[][ A,B]3 

By Theorem 5.2.6 and the estimate (1,3,4) 


M. 


( 5 ♦ 3 • I9 } J ,7 ^ ^ ' '-t r /o I 1 f 1 1 

3 -^{™.i ;/2 IIMl^ 

JP 

We can write for some ^ lying between u and t 

= % * 5r{V-w)" f^;^iw)iw} 

~j — - • ILL* 


ml 


{ 2 -rr fl^l-,(t)g^“^^(€Xu-t)'^^} 




m m-1 
+ { Z Z 
i=l D=1 


5 


^^^.(tj „(i) 
i! 3I n jUri-l 


(t)(u-t)^+3 }} 


+ (u-t/t/^u-wf 4^^1(w)aw)}) 

+ — n {g^“^\c)(u-t)^{/ (a-w)“ 

(ml r t 


— Jg ^2 ^2^4^^^"^^* sey» 

Therefore, 

(5.3.80) Jg < l|S„,JJ2,i('^>*)>'‘^lll, j:xg,y3 3' 

As before a typical component of 
of the type 
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^ 1+lu-tj ° ^ 

= say, 

where l<i<m, 0 < 3 <in, 0 <r< j-i, 0 < s < nH-i, 5- lies 
between u + ■ and t, and c is a scalar, 

^plying Corollary 1,8.2 


M 

ijnllVS 


and hence , 




^pC^s.ysl 


(5.S.21) < M, { Z >, 

- 1^1 " ''.»-l"lp[:x3,y3n^ 

J'rom Lemmasb.l.l and 1.8.1, 


(5.3.22) llSj,_„(Jg^g(u,t),t)|l 




m m-1 

< Mi ■ { Z I -T. . 


I 


i+ 3 > m 

Next, we obtain 1^ -bounds for 
S (Jo .(u,t),t). We note that a typical component of 

30, j IQ. j t: 

^n,m(s^”^\0(u.-t)^{/ (u-w)^ f^^^{(w)dw},t) 



X 


is of the t3^e 

, (u-t/ g(>“)(c ) 

■*• i+lu-tj ° 2 

^2 

X (/ “ (u-w+ f^^^(w)dw)}du 


n 


(5.3,23) = !r(t), say. 


where e = D+^g-r^, 0 < j < m, 0 < < j-l, 0 < < 3,0 < Tg < k, 

rg 

? lies between a + „ a- and t ar^d c is a scalar, 

•^2 n-^/^ 

Let x(u) be the characteristic function of E^Cgjyg], Then, 
denoting tne expression inside the curly brackets in (5.3,23) by 
$(t,u), 

B B 

T(t) = c n^0~^V2{j x(u)$(t,u)diH-/ (l-x(u))H't,u)du } , 

A A 

= lg(t} + T,j,(t), say, 


It follows from the estimate of Tg(t) in Theorem 5,2.1 that 

rxj.y,] Ca>a 3 ' 


It is easily seen that for any fixed positive number £ 


The Lp-bounds for lg(t) and T^(t) give the corresponding Lp-bound 
for the function T(t), which, in turn, implies that 
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(5.3.24) 1 |S^ (g^“^{C)(u-t)^ X 


=“(/ (u-w)’“f^“^^(w)dwLtj|| p ^ 


< Mo { 


(EH-l)i 


8 ^(iw-k+D/S it n,TW-lltj^ 


1_ I 1 f (53+l)t 1 


Therefore, it follows from (5.3.24) that 


(5.3.25) 1 


< Mo { ■ v^^o•' 


,(m+l)i 




1_ 1 if(mtl) 

^ n I .104*1 


n,mfin [-^^b3 


and that 


(5.3.86) llS„,„(Jg,4(u,t),t)!l^ C^'s.ysB 


i “s '1 cxg.ygH 

P 


>(eh-1) 


P 


ining inequalities (5.3,21), (5.3.22), (5,3,25) and (5.3.26) 


Oomhining 


see from (5.3.20) that 
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(5.3.27) 


^pC^g.ygJ 


Applying estimate (1.2.3) and after takiiig £ = eh- 1 we obtain 


(6.3.28) ||f(^n 




+ ■„(*'lV2ll^J?i»lll. + jj(*i)All*>i,m-lll 


I'd C ^3 *3^3 3 


>(iw-l) 




For sufficiently small n > 0 this by (1.3.2), (1.3.4) and (1,3.5), 
gives that 

(5.3.29) Jg < {-^.^ ^(*2')/S “iWl^^>''>P>II^l.yi3 ) 


m 

n n 


IL 

\m+T)/2 “m^^’ ^ 


The induction hypothesis and Corollary 1.3.4 imply that 

(5.3.30) ‘<^2^i(f,Ti,p,[;x^,y^3 ) = 0(n““^), (n - 0), 
ajid 

(5.3.31) <^Jf ,Ti,p,[:x^,yJ ) = 0(n°'“^), (n - 0). 
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Finally it follows from (5.3.18), (5.3.19), (5.3.29), (5.3.30) 
and (5,3.31) after talcing n = n“^/^ that 

(5.3.32) J^, Jg ani Jg < • 

Combining ineq.ualities (5.3.16), (5.3.17) and (5.3.32) we 
that (5.3,13) holds good in this case also. Shis coii|)letes the 
proof of the theorem, 

5.4 SAip^jEIOH_TH10RIM 

In this section we consider the saturation behaTiour of 
the sequence {S^ jj^(.,t)} of operators. Ihe main result shows 
that these operators are saturated with the same order 

and the saturation and trivial classes, as has 
been the case with the operators P (,,t) , the only difference 

ii ^ 1*1 

being that for P (,,t) the interval is (0,1) while it is (A,B) 

XI j ul 

for the present operators. 

Theorem 5.4.1^ Let 1 < p < ~ and f e L PAjB^. 2hen, 

mr ^ w \ -i ir* 

in the following statements, the implications 

»t(i) ==> (ii) ==> (iii)« and »'(iv) ==> (v) ==> (vi)” hold j 

(i) l|S^ = 0(n-t"^V2), (n - oo); 

n,m 

(ii) f coincides a.e. on Ig with a function F having bh-I 

derivatives such that (a) when p > 1, F^ ^ G A, 0 ,(l 2 ) 

p(m+l) g L (I ), (b) when p = G A.C^Ig) 

P ^ 

and F^“^^ G B.T.(l 2 ); 



(iii) 


(n - oo). 

(iv) 


(n “* 

(v) 

f coincides a.e, on with a polynomial 

of degree m; 

(vi) 


(n -*■ oo). 


lote, The implication "(ii) => holds in Tiew of 

Theorems 5,2.1 and 5.2,3 for the cases p > 1 aid p = 1 
respectively. And '« (v ) ==> (vi)»’ follows from Theorem 5,2.6. 

In the proofs of the saturation Theorems 2.4.1, 3.4.1 
and 4,4,1 of the previous chapters the most iii|)ortant ingredients 
have been the inner product inequality lemmas 2.4,2, 3.4.2 aid 
4,4.2, respectively. Once such a lemma has been established 
the proof of theorem in the linear combinations case follows 
the pattern of Theorem 2,4,1 while the same in the interpolatory 
case runs parallel to that of Theorem 3,4,1. lor this reason, as 
has been done in the case of Theorem 4.4,1, here also v® restrict 
ourselves to proving the following corresponding inner product 
inequality lemma only, 

lemma 5.4.2 i let l<p<~andhe 1 Ta,!! where h 
has coirpact support c= (A,B), lurther, let h have m derivatives 
with (m-l)th derivative absolutely continuous and the ath 
derivative belonging to 1 FAjBQ, Then, for each hh- 1 times 

Jr 

continuously differentiable function g having a coup act support 
inside (A,B) 





(5.4.1) j< S„_„(h,t)-h(t),g(t) >1 




II - -i- jim ^ _ }, 

IiI:a,b3 i>i1Ia,b3 


being a constant independent of n and ii. 


Proof, We have with 


m j/2 

FCtiU) = E^{ ? ,,( B (t-u- i )) jj h(u)) 

3=0 J- i=o nV^ 


as before, 


> = f S (h,t)g(t) dt 

7 * J.1 J iii 


= { Sjj^Jh.t)g(t) dt - // -W.Cn.VuX^ , 

l+lu-t| ° 


m +E 

Ur-t[ B(t,u)g(t) du dt 


(5.4.2) 


J 2 ^ * 


Since h has a compact support it follows as in the proof 
of estimate of in Theorem 5.3.1 that 


(5,4.3) 


m., 

Usl i ’ rmt-S’l/?. 11*^11 


r»£-)/S 


Using Pubini’s theorem we have 


B B 

Ji = / / W(n,t,u) P(t,u)g(t) du dt 

A A 

B B 

= / / W(n,t,u) P(t,u)g(t) dt du. 

A A 





Ifritlrg l^(u) = b(u) u e £j^s2, where 

0 < r < m as in the proof of Lemma 3.4.2 we have 
m B B 

‘'"l - { jrf {/ / w(n,t,u) X 

m j^2 j— 1 

^ 3=0 V^))} at du}} 

T . m B B 
is=u ^ A. 

\ Cjj.) h(u + " ^ ^ } } 


(5.4.4) = E 1,- j 


^ *— s- cj ^ ^ cjaV 

r=0 ‘ 

where ajj.(t,u) is as defined in (3.4.3) and lies between 
U- + 

It follows from (3.4.3) and Corollary 1,8,10 that 


lYi-i 

(5.4.5) lJl,iwll i';Tifi.'l)/S 11*^11 




Using Bubini’s theorem we interchange the integrals in 
u and t in (r = l,2,...,m) to get 

B _ 

(5.4.6) =/ Sj^^^((t-u)^ i^(u),t) dt. 

We can write 

nur / j. ^k / 1 \ 

(5.4.7) Kill) = 2 . iAi^->(t) 

^ te=0 ^ 

4 dw. 
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It follows from (3.1.3), (5.3.5), (5.4.6) aM (5.4.7) that 


(5.4.8) J. 


= Tini')! { ■i^™'^’'-’(w)aw),t) dt. 

w "t? % 

Since has a compact support contained in (A,B), proceeding 
as in the proof of the estimate of fgCt) in theorem 5,2.3 we 
obtain the estimate 


(5.4.9) K,,l <na)/Ell4“^-"^ll 


I'iCi.BD 


Using Lemma 1.2.2 this is further hounded 


(5.4.10) Ij 


l,rl < 


^ r A -R-l r 4 


Uow we evaluate q, Brom (5.4.4) we have 


m 3/2 3-1 


0 =^ f f w(n,t,u) { 2 ( n (t-u- T-m))A3hJu)>> dt du. 

A A 3=0 31 j_^o n-^/^ ° 


j— 1 • . j— 1 d . 

writing n (t-u--^yp) = (t-u)3 + s 3>| (t-u)3'^, 
i=0 r=l n^/'^ 


for some constants d . it follows from an application of 

D 

Corollary 1,8.9 and Lemma 3.4.3 that 

m .,^ 3/2 B B . . 

J. 0 = ^ f W(n,t,u)(t-u)3 a 3 h(u)dtdu}}, 

3=0 3 . 

With Pj,(u,n) = P^(u), defined as in Lemma 1.8.13, 



P^(u)(-u)3”^) h^(u) du }} . 

1 *8 « 13 ^ Ji d 3«4#3j wx'fe}i 

0^ ^1 

(1 — "jf)" obtain from aboire 

m j/2 j . . B . . 

'^1,0 .^r^ “P' ^ 2 (^)(-l)^"^ a^KS li (u)du) 

» 3=0 'J* r=0 A ^ 

B m . i . 

= (/ h (u)du) {2 (-1)3 ( 2 (3) («i)3-3: ^ 

A ° 3=0 . r=0 ^ ^ 

B mm. 

■ = (/ b (u)du) { 2 (-1)^(2 Cj))a_} 

A ° r=0 3 =r ^ ^ 

B m ^ 

= (/ b (u)au) { S (-1)'' ("i) ) . 

A r=0 ^ 

Next we pat values of from (1.8.11), to get 

B m „ -mj-i r "i" 1 T jY .1 

J Q = a(n)(/ h (a)du) { 2 (-1)^ (^p ( n (1 - |-) )} 

itt 1 

(where n (1 - 4-)"* for r = 0 is interpreted as 1) 

3=2 

B m TTLi-i •% 

= a(n)(l-|)(/ h (a)da) { 2 (-1)^ (J^lK 

^ A r=0 ^ 3=1 

= n (i-hrbj 

A r=l 3=1 

= a(nXl-|xA (u)du)t“s\-lf-^('^^) C i 

. A 3:=0 3=^ 

B 

+ a(n)(l - |)(/ hQ(u)du). 


m 


1,0 


. n3/2 B 3 , 

Z{“., {/ ( z {^) 


3=0 


A r=0 


By an application of Lemmas 

r+1 

a = a(n) and a = a(n){ n 

3=2 



Finally, we apply Corollary 3.4.5 to the right harfi side of the 
above expression, to get 

(6.4.11) ^ = a(n)(l - £)(/ li^(u)du)(l+0( • », (n - ~) 

Since (5.4.11) holds for every choice of h and g satisfying the 
hypothesis of the lemma, we deduce from this the following i 

(6.4.1S) a(n) (1 - |) = 1 + 0{- - “)• 

«33l 

To show this we choose g e with supp g c Ig an4 gCt) = 1 

for t G Ig. Next we choose h G with si:5)p h c:(A,B) and 

h(t) = 1 for t G I^. Then, with x(t) as the characteristic 
function of Ig 



= x(t) + Ai-x(t)) S (h^,t) dt 

A ’ A 

(5.4.13) = + Eg, say. 

It is easy to see that for any fixed positive number £ 

(5.4.14) Eg = 0(n“*'), (n -* ~). 

By Theorem 5.2.6 

bg 

Si = / (O - “), 

ag n 

= g(t)it + (n-”). 

ag 31 


( 5,4.15) 
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Kius (5.4.12) follows from (5.4.11) and estinate of J. _ giiren 

X ^ u 

by (5.4.13), (5.4.14) and (5.4.15). 

Finally from (5.4.11) and (5.4,12) we obtain 

(5.4,16) = (/ bQ(u)du) (1 + 0(-^’jj|;-^j^g)), (n -* «>). 

The lemma now follows from (5.4.2), (5.4.3), (5.4.4), (5.4.5), 
(5.4.10) and (5.^t.l6). 

We may also note that tbe condition (1.5.9) is obtainable 
from (5.4.12) by taking limit as n — <=0, 

For the proofs of -various saturation theorems in the 
thesis we have made use of the Euler-Maclaurin sum formula' 
or the dual operators. Corresponding proofs of saturation 
theorems for convolution operators or operators for whinh a 
commuting approximation process is available are relatively 
simpler, as the moUifier technique becomes available (see 
e.g., [I213 and [1633 )• In the case of convolutions the 
Fourier methods (see 203 ) are also applicable. In the non- 
commutative case Micchelli C4?3 develop>ed the use of' semi- 
groups of operators (see CiO ), applied through limits of 
certain iterates of operators, to obtain the saturation results 
( see also 59^ )• 

* Regarding our proofs of inverse theorems the approach 
is essentially motivated by the work on interpolation spaces 
even though explicitly we have not used the notion of K- 
functionals (see e.g., X^'^Il^ ^ thesis. 
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